Response of Homogeneous and Two-material Laminated Cylinders to Sinusoidal Environmental Temperature Change, with Applications to Hot-wire Anemometry and Thermocouple Pyrometry by Patton, Norman & Lowell, Herman H
NATIONALADVISORYCOMMITTEE
RESPONSE OF
FORAERONAUTICS
TECHNICALNOTE3514
HOMOGENEOUS AND TWO -MATERIAL LAM’INATIr-
CYLINDERS TO SINUSOIDAL ENVIRONMENTAL TEMP~TURE
CHANGE ,WITH APPLICATIONS TO HOT -WIRE ANEMOMETRY
AND THERMOCOUPLE PYROMETRY
By Herman H. Lowelland Norman Patton
Lewis FlightPropulsionLaboratory
Cleveland,Ohio
Washington
September1955
. .
https://ntrs.nasa.gov/search.jsp?R=19930084211 2020-06-17T17:39:42+00:00Z
IJACATN3514
IWPONSEOFHOMX2ENEOU5ANDTWO—lWTERULI&lIl?ATED
CYTJNDERSToSINTJSOIDALENVIROIWENTALmmmMTmE
CHANGE,WITHAPPLICAI’IONSTOHOT-WIREANEMOME?PRY
ByHerman
Page13,equation(15):The
read
THERMocouPmPYROMETRY
H.LowellandI?ormanPatton
September1955
expressioninparenthesesfollowingtan-~should(‘R,bb%,% + ‘I,bbeib,b*R,bbeit,b- *I,bbe%,b)
Page49: Line6 shouldread“equation(15)asmodifiedforthecosinusoidal
driveofthemaintext):1’
Page49,equation(B17): Theexpressionfollowingtan-lshouldread
Page88,tableII(b),column1,line13: Theexpression21/4 shouldbe 2-1/4.
NACA-M@eg FId% ‘fA
<-=--- -’ ----- -...—. ---- —-— --—
—-— — —--- .— ——. .—— —-— --— - --
r
NACATN 3514 i
TABLEOFCONTENTS
.
-’
Page
SUMMARY. . . . . . ...’.... . . . . . . . . ...*....*
INTRODUCTION.. . . . . . . . . . . . . . . . . . . . . . . . . . .
TH13RMWRESPONSESOFHOMOGENEOUSCyLINMRSAND~ ~
RFSPONDINGASTHOUGHHOMOGENFJWS.. . . . . . . . . . . .
AssumptionssndGeneralRemarks. . . . . . . . . . . . .
SimpleCylinder. . . . . . . . . . . . . . . . . . . . .
TimeconstantandBiotnumber. . . . . . . . . . . . .
Solutionsinliterature:SurfaceandWteriorresponse
Mesnresponseof simplecylinder. . . . . . . .-. . .
Simple-cylindersurfacetemperaturesnal.og.. . . . . .
Relativeresponsesatsurfaceandoverenttiecylinder.
Quasi-Homogeneous-CylinderConfigurations. . . . . . . .
GenersJ_considerations. . . . . . . . . . . . . . . . .
Relativehprovementforverythinshells. . . . . . .
..0.
. . . .
. . . .
. . . .
. ..0
. . . .
l . . .
. . . .
.*. .
.*. .
.*. .
.
,,
THETWO-MATERIAGLAMINATEDCYLINDER(F- SHFJLTFUCKIWSS). . . .
Module. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
QualitativeR sponseDescription.. . . . . . . . . . . . . . . .
CslculationsandResults:FiniteShelJ_Thicknesses. . . . . . .
Generalconsiderations... . . . . . . . . . . . . . . . . .
Moduliandorganizationfcalculations. . .0.. . . . . . . .
Outlineof calculationprocedures. . . . . . . . . . . . . . .
ResultsofLsmhated-CylinderCalculationsandDiscussion. . . .
Identityofres,ults. . . . . . . . . . . . . . . . . . . . . .
Qualitativeexaminationfresults. . . . . . . .“.. . . . .
Variable-frequencyplots.. . . . . . . . . . . .“. . . . . . .
ExtensionofCalculations.toLowerandHigherFrequencies. . . .
NUMERICALEXAMPLFJ3ANDDISCUSSION. . . . . . . . . . . . . . . . .
GeneralConsiderations... . . . . . . . . . . . . . . . . . .
SelectedSetsofGeneralizedResults. . . . . . . . . . . . . .
ResultsforActuslSituationsandDiscussion.. . . . . . . . . .
CONCLUSIONSANDSUMMARY0FRE3UM!S.. . . . .. O.... .. 0.0.
.2:‘
Al?FXNDIXFls .“ ‘..
A- SYM80LS.. O . . . . . . . . . . ...’. . . . . ...’....
..
B- HOMXXNEOUS—CYLINXRRELATIONS. . . . . . . . . . . . . . . .
c - LAMINA!rED4Y UNDERTHEOR Y.......*: . . . . . . . . .
-.
-,
—— - — ----- —. .. __
—.. -— -—
-1
2
5
5
6
6
10
u
14
15
E
15
16
18
18 ‘
20
21
21
21
23
24
24
24
25
29
2S
29
29
32
38
40
46
50
.,
ii NA3ATN 3514
TABLEOFCONTENTS- Concluded Q
Page ‘.*-
D- TEEORYOFTHERMALRESPONSEOFCOMBINATION& COREOFFIN33?!3 L’
CONDUCTIVITYANDOF5CK SHELLHAVINGINFINITELYGRFA!l!
CONDUCTIVITY. . . . . . . . . . . . . . . . . . . . . ...57
E - cARD—PROGRM@EDC&GCUIAIOROPERATIONSAND~IONS
AMONGEQUATIONSUSEDFORREDUCTIONOFCPCINTEGRATIONS
ANDMUUXTICALSOIUTION... . . . . . . . . . . . . ...66
Numerica13htegrations.. . . . . . . . . . . . . . . ...66
ReductionofbtegrationResults. . . . . . . . . . . . . 73
F -HOLIXM-SHKIZTHEO~ . . . . . . . . . . . . . . . . . . . . . 80
G- INTERPOIJIIIIONAMONGCAWUUTEO RESPONSEVAiXl13S.. . . . . . 83
REFERENCES. . . . . . . . . . . . . . . . . . . . . . . . . . . ..84
—.
.
——-———
.-
4
&
u
N/fl?IONALADVISORYCCMMITIXKlFORAERONAUTllX
TECIDKllXLNOTE3514
RFSPONSEOFHOM(X3ENEOUSANDTWO-MATERIALIMINMED CYLINDERSTo
SINUSOIDALENVIROIWENTALTEMPERATURECHANGE,WITHAPPLICATIONS
TOHOT-WIREANEMOMETRYANDTHERMOCOUPLEPYROMETRY
ByHermanH.IoweLlandNormanPatton
suMMARY
h currentaeronauticalresearch,rapidlyrespondingthermocouples
andhot-wireanemometersarerequired.A @ninatedcylinderconsisting
of anoxidecoreandthinmetallicoatingislmowntoprovidea larger
outputsignalthana conventionsllmet.dlicwireathighratesofchange
of environmentalconditionswhensllothervari~lesofthephysical
situationarefixed.A generalizedattackontheproblemoftheresponses
ofhomogeneousandtwo-materisllaminatedcylindersto sinusoidalenviron-
mentaltemperaturechangeshasaccordinglybeenmade. Theresultsareap-
plicableto situationsinwhichsmsllheat-transfercoefficientchanges
occurintheabsenceorpresenceofenvironmental.temperaturechanges.
Theresponseofhomogeneousad-two-materiallaminatedcylind=sare
givenquantitativelyina seriesoftablesandgraphsandarediscussed
qualitativelyindetail.h thecaseoftheltinatedcylinder,restits
aregivenforallcombinationsoftheindicatednume@ valuesofthe
followingparameters:ratioof shellthermalconductivityo corethermal
conductivity(5,10,20,40,and80);ratioof corer~ius to over-~
radius(0.75and0.90);andnondimensionalheat-transfercoefficient,
designatedtheJakobnuuiber(anumberofdifferentvaluesforminga geo-
metricalpro~essioncoveringa lsrgerangeofphysicallypossibleopera-
tingconditions].
A parameterdesignatedthe“internal”timeconstantisintroduced
whichuniquelycharacterizestheinternaldistributionftemperature
withina homogeneouscylinderandthusfacilitatesmeaningfdpresenta-
tionofbothgeneralizedandspecificresultsforparticularphysical
situations.Twoparameterssufficeto characterizetheinternaldis-
tributionoftemperaturewithina tw~materialaminatedcylinder.For
a cyltiderhavingn layers,n suchparameterssrereqtied.
..— .———. -— —.——.—.
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Theresponsesof 0.0004-,0.002-,
u
andO.010-inch-dismeterhomogene- , k
ousandlaminatedties ofplatinumand/orfusedquartzexposedto a
representativeairstreamareconsideredindetail.Suchlaminatedwties ‘
canachievesignelgains(relativeto outputsof conventionalwties) suf-
ficiento increasethefrequencyHnit ofusableresponseby an orderof
magnitude~eaterthanthatassociatedwithconventionalwires.Realiza-
tionofsuchgains,whicharenotmanifesteduntiltherelativeresponse
oftheladnatedstructuredropsbelow0.01,wouldrequirefabricationf
structuressuchthattheratioofshellthicknessto over-allradiusis Cu
atmost0.1butispreferablynogreaterthari0.05. ~
Thetheoreticalmaterialpresentedincludesimplified,approximate
treatmentsofthetwo-materialstructurewhicharenotexactbutwhich
shouldyieldresultsaccuratenoughfordesignuse. Inparticular,they
enablecomputationftheresponsecharacteristicscorrecto atleast
threefiguresoveroverlappingfrequencyrangeswhich,collectively,cover
allofthemeaningfulfrequencyspectrum. ‘1
INTRODUCTION
h connectionwithhvestigationsofthebehaviorofturbomachines
or ofproposedimprovedcomponents,it isoftennecesseryto obtaina
deta~edpictureoftheinstantaneousthermalandmass-flow-ratestruc-
turesoftheairflowsoccurringthroughouttiterbladechannels,between
statoram rotorcascades,withinblade(CWshroud)bo- layers,
behindtrailingedges,orwithinengineducts.Fastthermocouples~d
hot-w5reanemometersareoftenusedinsuchresearch,buttheirfaith-
fulnessofresponseis inadequateformanypurposes.
Theresponseofsuchinstrumentsmaybe Wproved(withinobvious
mechanicallimitations)by reducingtheelementcrosssectionand,toa
lesserextent,by properlyshapingtheelementsoasto ~ose a maximum
ofsurfacetothestream.Znmanysituationsinvolvinglocallytiegular
flows,however,circularly CYlfidriCd(orspheric~)elements=e the
onlystream-insertedinstrumentbodiesthatareacceptableaerodynamically.
Thetechniquesof electricalcompensationforthermalagshavebeen
extensivelydiscussedintheliteratwe(e.g.,refs.1> 2)ad 3). ~
general,thesetechniquesrequireaqpl~ti system~th theris~ ga~
characteristicsof “constant-current”systemsm theso-called“constant-
temperature”feedbacksystemshavingsmplffierstithessent~Y fl-at
frequencyresponses.
irrespectiveofthesuccessesofsuchtechniques,asupperlimits
ofrequireduseful-responsefr quencybandsareraised,it is clearthat
maximizationfbothabsoluteandrelativevoltagesdeliveredto such
compensationdevicesisdesirablesoastomaintainhighinherentsignal--
to-noiseratios.
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Conventionalcylindricale ements,tdxichhavehighetrengthwhen
effectivelength-to-diameterratiosarekeptwithinreasonablebounds,
arecomparativelysimpletofabricate.Theirperformance,however,is
affectedadverselybyseveralobviouscircumstances,namely:
(1)Theentirecrosssectiontitheelementiselectrically’’active’t.
Theeffectivetotalheatcapacityis,moreover,thatoftheentire
element.
(2]Anychangeinenvironmentalconditionsis,necessarily,com-
municatedfirstto exteriorlaminaeand,subsequently,tothemorecen-
tralregions.As a consequence,differentialphaselagsoccur.
(3)Attenuationfa thermalwaveoccursasthewavepro~essesfrom
exteriorto axis.
Thebehaviorofthehomogeneouscylindermayaccordinglybe qualita-
tivelydescribedasfollows:At comparativelylowfrequencies,theentire
elementrespondsasan integralunit. Theresponseisthenthatofa
first-ordersystem;thethe constantisproportionaltotheproductof
theboundary-layerthti resistanceandthetotalheatcapacityofthe
element.Athigherfrequencies,however,attenuationa dtiferential
phaseshift~ ofthermalwavesbeginto occur.Thesituationbecomes
farmorecomplex.Thereisa decreaseinover-allresponsenotmerely
becauseofattenuationi thevicinityoftheaxisbutalsobecausethe
contributionstotheelectricaloutput(whateverthenatureofthatout-
putmaybe)arenotinphase.Thisphenomenoninturncausesa further
decreaseinoutput.
ItwassuggestedatheLewislaboratoryin1946(unpublishedWork)
thatonetechntquewherebythesituationcouldbe amelioratedwasto
substituteforthehomogeneouscylindera two-material laminatedcylinder
(fig.1). Someelectricallynonconductingandthermallypoor-conducting
materislsuchaE an oxidewassuggestedforthecoreandan electrically
activematerialof sometid suchasa metalfortheshell..
Sucha structurewouldhavecertainadvantages,andtheseadv~tages
wouldbe presentwhethertheinstrumentsinquestionwerethermocouples
hot-wire&emomet=sjorresistancethermomet rs:
Ftist,theelectricallyactivematerialisnowconcentrat&dina
regionthatisthefirstto senseenvironmentalchanges.Thiseffect
tendsto increaseinstrumentresponse.Inaddition,however,the
thermalJypoor-conduct%materialofthecoretendstobecomethermally-
isolatedfromthesurfaceregionastherapidityof an envtionmentsl
changeincreases.I?othoftheseeffectscoxibineto e~ure,gener~Yj
a muchgreateramplitudeofelectricallyactivematerialresponsethan
.
-. —— —-—-—-- — —.—-—- –—— —— — .. . .. —__
4wouldnormally
thesamethe,
muchsmaller.
occurforan ordinarymetallic
thelagoftheresponsebehind
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w5reofthesamesize.At
theexternalchangebecomes -
Second.forthesamecrosssectionofmaterialandsamewirelength,
errorsasso&ted withparaxialheatconductionarereducedbecauseof -
thesmallerthermalconductivityofthecorematerial.
Thtid,thehigherelectricalresistanceof sucha structureresults
ina moreefficienttransferof electricalenergytohighimpedancede-
vicessuchasampltiierinputcircuits.
FinalJy,becauseofthesmallerlength-to-diameterratiosmadepos-
sibleby thelowerthermalconductance,thelam~ted structurewo~d have
higherstrengththa—ordinarywireswhenthepropermaterialsareused.
(Itisof interestinthisconnectionthatsyntheticsapphire- mono-
crystallinealumina- has%eenstressedto 155,000poundspersqyare
inchtensilestressattheNationalBureauof Standards.Fused-quartz
fibers-meknownto havebreakingstrengthsrangingupto 106psi.)
ItwiX1.be impossible,however,toachievesubstantialgainsinti
ofthementionedwayssimultaneously;the-t ~ havetobe desimed
fortheapplication.
Whileuseo; sucha structureisanalogoustoth-euseoffilm
bolometersin infra-redradiationdetectors,theresxecertafiwaysin
whichtheresponsesof s~le andcompoundcylindersdiffermaterially
fromthoseofplaneelements.Itwasthereforenecessarytodevelopa
quantitativetreatmentofthebehavioroflaminated-cylinderinstrument
elements.Whiletheresultsprobablypsrallelcertainoftheresults
obtainedinthebolometerfield,no efforthas‘beenmadeto correlate
quantitativelythebehavioroffilmbolometersandlaminatedcylinders.
Itis,however,cle= thatreferences~ the~0 setsofbehaviorc~-
acteristicswillbe smaJJformoderatelyhighratesofvsriationof
envtionmentaltemperature,mderatelyh@ heat-tr~fercoefficients>
and relativelyverythinmetallicfilms.
Itisthepurposeofthisreporttopresenta reasonablycomplete
quantitatived scriptionfthethermalbehaviorofbothsimple(homo-
geneous,solid)cticul=cYliudersad of~o-materi~-ted cYl~-
dersexposedto cticumferentiallyuniformenvironments.h thecaseof
thelaminatedcylinder,thescopeofthenumericalresultswasneces-
sarilylimited.specifically,theshellmater~ -S assumedtohave
higherconductivityhanthecore.Paraxialconductionwasassumedto
be ofnegligiblemsgnitude.
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lhitidly,a discussionispresentedofthebehaviorofa simple
CtiCd= cylinder;derivationsofformulastakenfromtheliteratureare .
inappendixB.
A discussionisthenpresentedofthebehaviorofthetwo-mat=ial
laminatedcylinderthatplacesstrongemphasisonthecaseinwhichthe
shellmaterialishighinthermalconductivity.Theappropriateime
constantsandnondimensionparametersarediscussed.An exactanalyti-
caltreatmentofthegeneralcaseisgiveninappendixC; thatsolution
wasusedto confirma fewofthenumericalresultsobtainedby thenu-
mericalintegrationtechniquediscussedinthisreport.An approxhate
analysisleadingtoformulasof sufficientsimplicityo enabledesk-
computercalculationswithinreasonabletimeperiodsispresentedin
appendixD. (Theexacttheoryofthehollow-cylindricalshell,useful
undercertaincircwtances,iSgiven~ appendfiF“)
Theresultsoftheextensivelaminated-cylindernumericalcomputa-
tionsmadeh connectionwiththepresentstudyarethenpresentedand
discussed.Thenumericalintegrationtechniqueusedisexplainedin
appendixE, inwhichalSOiSstatedtheproced~eUSed~ thec~~ation
oftheKelvin-Besselfunctionsrequiredinthecalculations.comparisons
ofthelaminated-cylinderresultswithsimplecylinderesponsesandwith
first-ordercalculationsaremade. illustrativeexamplesofapplications
tophysicalsituationsareincluded.
TheimportantsymbolsusedInthereport=e definedinappendixA.
TEERMALRESPONSESOFHOMOGENEOUSCYLINDERSAND
RESPONDINGAS THOUGHCM.XENEOUS
AssumptionsandGenerslRemarks
OF(ZImmERs
Steady-statehermalresponsesofcircularcylindersto simplehsr-
monicenvironmentaltemperaturechangesareconEideredh thissection.
Itisassumedthroughoutthatneitheraxislnorcirctierentialvaria-
tionsofheat-transfercoefficient,amplitude,orfrequencyofthetem-
peratureoscillationextit.
Onlytheassumptionon circumferentialv riationrequiresdiscuf3-
sion;inactuality,ratherlargecircumferential-rregularitiesoften
exist.A meanheat-transfercoefficientwouldbe usedh sucha situa-
tionand.itsvalueobtainedby an appropriateintegrationprocedure.
Thequestionthenarisesastothedifferenceb tweentheactualbehavior
ofthecylinderandthebehaviorcalculatedundertheassumptionthatthe
heat-transfercoefficientwasWorm circumferentidlyandwas(of
course) equaltothemeanvalueoftherealsituation. At thehigh
-.. -... ...-. .. ——. —.. —----- .——z —— —— . . .
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frequenciesandlowcore(oxide)thermaldiffusivities;atwhichthe
importantphenomenadiscussedinthisreportwilJ_occur,bothradialand ~~
circumferentialspreadimgoflocalthermaleventswilJoccurto onlya
smalldegree.At thesametime,circtierentialgradientsofheat-
transfercoefficientwfllbe smallincomparisonwithradialtemperature
gradients.Accordingly,theassumptionof constancyofa heat-transfer
coefficienta anappropriatem anvaluewLKlnecessarilyeadtoresults
in accordwithrealcylinderbehavior.
Throughappropriatesyntheses,thermalresponsesto nonsimusoidal
periodictemperaturedrivesmay,of course,be obtainedoncethere-
sponsesto simpleIu3rmonicdrivesofallrelevantfrequenciesare
elucidated.E generalizedfrequencyresponseresultsareavailable,
aperiodicsolutionssreobtainable.
cl
SimpleCylinder
TimeconstantandBiotnumber.- Itis convenientto speakof time
constantsofthesystemboundary-layercylinderdespitethefactthatno
exactsimplerelationexistsbetweenthebehavioroffirst-ordero
second-ordersystems,ontheonehand,ad boundary-~yercyl~dersYstems
ontheother.
“External”and“internal”tk constants:Theexternaltimeconstant.
isthatwhichcharacterizesthesystemwhenthecylinderespondsas a
unit. Inthecaseofa wirethroughwhichlittleorno electricalcur-
rentisflowing,theexternaltimeconstantisgivenby
~&=##=‘~k.%
ff a%kfNuf 2a%i
inwhich Bi,a Biotmodulus,isdefinedby
(1)
(2)
Thisistheconventionaltimeconstantusedinfirst-orderanalysesof
thermocoupler sponses.
men electricalheatingoccurs,theexter~ t~ co~tantofa hot-
tie anemometer,underconstant-currentconditions,isgivenby
(3)
——
—-
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where
‘r is
materialover
averagevalue
the
the
7
meanthermalcoefficientofresistivityofthewire
temperatureange0°C to ~ and Te,av isthetime-
oftheeffectiveenvironmenttemperature.‘Theeffective
environmenttemperatureisdefined.asthetemperatureattainedby thewire
whennotheatedelectricallyintheabsenceoflongitudinalconduction.
TheinternaltimeconstantTtit isarbitrarilydefinedasthat
periodoftimeduringwhichthearea-averagedcylindertemperature
change,inthecaseofa suddensurfacetemperaturechange,attainsa
_itude of I - e-l ofthefinal(asymptotic)hange.Thenumerical
magnitudeoftheinternaltimeconstantmaybe obtainedasfollows:
Thetheoryoftherespo?mse ofa (verylong)homogeneouscyl.tier
thesurfacetemperatureofwhichissuddenlychangedfromsomeinitid
value to,b to zeroisgiveninreference4,pages170to 171. Csrslaw
andJaegergive-
(4)
inwhich Bj isdefinedasfollows:
“ ~BjJo(+j~)= to ~~
j=l
whereinthegeneralcase to,theinitisltemperature,isa functionof
theradialcoordinate,andwhere mj isoneofthesuccessiverootsof
Jo(mj)= O. Thevalidityofthisexpansionisdemonstrateed inreference
5 (p.576)wheretitisslsoshownthat
at.
‘or‘hecaseh ‘hich= =0’‘o isconstantat somevalue,say
——.._ ..___
—. —.-
—— —.—- . .. — —.
8Equation(4)thenbecomes
~=, ” *:Y
o
z ()
mjJlmj~
j=l %
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whichisidenticalwithequation(5),page174ofreference4. m@rslaw N
andJaegergivetheaveragetemperature,(onanarea-weightedbasis)for
thiscasefinallyas
Since Ttit wasdefinedasthethe
that
. E,
mcdulus
a 2 a*~tit
I
-mJ2 rb
4 e
‘i
j=l”
—d
(5)
L-
;atwhich~ = e-1,itfollows
to
now,thesymbolA iswed to denotetheValueoftheFourier
a*zfi
— atwhichtheaboveequalityholds,thedefiningeqution
r;
for X becomes
~eroots of J&j) = O maybe foundinthesourcescitedonpages .
261to 262ofreference6. Itispossibleto computeX preciselyby
.-- .-— —-. ..– . . .... . .._ __
———
— — .. ..— —--- . ..———- —.— _– _.
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calculatingthevalueofthefunctionrepresentedby theleftsideof
equation(6)fora successionfvaluesintheimmediatevicinityofan
approximatevalueoftheconstant.Itdidnotseemworthwhileto do
this,however,sincetheusefulnessoftheconceptwouldnothe increased
by theavailabilityofan exactvalue.Theapproxhatevalueof k
(0.111)wasobtainedintwoways: & e-m?” fmFirst,thevaluesof 4 / -
*
valuesofthed- parameterA ranging
references7 (p.143}and8 (p.357],were
is tiediatelyobtainedfromsucha plot.
asan exactonethroughoutthiswork.
fromO to1.00,asgivenin
plotted.ThevalueA ~ O.111
Thisvaluehasbeenadopted
An alternativem thodofdeterminingthevalueof ~ istheexami-
nationof curveIIIoffigure9 (p.84)ofreference4,whichpresents
bothnondimensionaltemperaturedistributionsandaversgetemperatures
forslabs,CirCUb2 cylinders,andspheresasfunctionsoftheFourier
numbera*e/rf.(Itshouldbeborneinmind,however,that u/V ofthe ~
graphinquestionequals(1$- ~)/t~ inthepresentnotation.)Again,
onesrrivesatthesamevalueof k to threesignificantfiguresusing
thissecondprocedure.
Therelation
thenyields~tit. Itisemphasizedthatequation
definitionofTtit.
Thesignificanceofthetwottieconstantsin
(7)
(7)isadoptedasthe
connectionwiththe
presentproblemisthefollowing:lY Z- >>%ht, then,regardlessof
themagnitudeoftheproductUYC*, thecylinderwill.respondasa unit.
b fact,a parsmeterofthehighestimportanceistheBiotmoduluE
previouslydefined[eq.(2)),for
‘% kc; 2a*Bi
—= —0
— = 2ui
‘ext a* r:
—. ... .— .—.— ..—.z
—— -—..—... — —.—.—
10
thatis,
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Ontheother
abovehypothesis,
(8)
hand,astheBiotnumber,initidly smallunderthe
tendstowardandultimatelyexceedsunity,theinterior
temperaturec asestobe uniformandthephenomenaoccurwhichweredis-
cussedqualitativelyinthell?TRODUCTION. NNm(u
Solutionsinliterature:Surfaceandinterioresponse.- Theratio
oflocal.instantaneoustemperatureofa homogeneouscylinderto themaxi-
mumamplitudeofharmonicenvironmenttemperature
isgivenby thefollowhg:
t. ~erg(ax)+bei~(ar)-
Cos[uM - ta-l
A resultequivalenttothisisderivedinappendixB. Itisthereas-
sumed,however,thatthetemperaturedriveis te,Msin(ti+ S). Equation
(B15)therederivediffersappropriatelyfromequation(9). In equa-
tion(9),her. and beio(bothreal)aredefinedby
Jo(i3/2x) s ber~ + i ber~
and
@
~,b = Ja-lber&rb )+ bero(a..rb)
@I,bz Ja-lbei~(arb)-t-beio(~b)}
where
(lo)
(IL)
D
— —
Na
N
N
.
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(Asolutionisgiveninreference9 forthe
Of environmenttemperature;chartsarepresented
291,413,417,and418ofthatreference.)
u
caseofa stepchange
onpages278,286,289,
Equation(9)seemstohavebeenfirstderivedbyH. Gr6ber(ref.10).
~ thatreference,a verycompletexpositionispresentedbothforthe
temperaturegimesandtheinstantaneousheat-fluwratesinhomogeneous
slabsandcylindersuponsubjectionof suchobjectstoperiodicenviron-
mentaltemperaturechanges.(Muchofthismaterialmayalsobe foundin
refs.9 andXl..) Itshouldbe noted,however,thatGr6bers’num~ical
results,whilesubstantiallycorrect,arenotfreefromerror.The
numericalerrorscontainedintheGr6berarticleareperpetuatedina
somewhatruncatedversionoftheoriginalpaperappearinginthemore
accessibler ference11 (pp.VJ-30toVI-37).TableI presentsa com-
parisonofthevaluesofGr5berwiththecorrectvaluesas obtatiedi-
rectlyor computedframthelistingsinreference12 (pp.182to 201).
TableI presentscertainadditionalusefuldata.
Intable11,equivalentumerical,valuesof certainofthenon-
dimensionalmoduliorpsrametmsusedbyGr6berandinthepresentstudy
arelisted.Thislistingfacilitatesthecomparisonamonghisresults
andthosemorerecentlyobtainedby others.
At thispoint,it isdesirabletobringtogetherthevariouEparame-
tersaheadymentioned.AppendixA exhibitstheinterrelationsamong
thoseparameters.ThemoduliFo* and Ja* areincludedbecauseof
theiruseby Gr6ber.
Therelativesurfacetemperaturevaluesaregivenby
Thisrelationiseasilyobtainedfromequation(9)by substituting~
for r whereveritappearsinthatequation.TheaxistemperatureVu
isgivenby
inasmuchas hero(0)= 1 whtle beio(0)= O.
(13)
-.. -–.—.- —-—. . —— ~—-— _... ___ ._ —_._. ————. .
12 NACATN3514
.
Itisclearthattheratioofthemaximumvaluesorofanypairof
vsluesoccurringatthesameepochanglesrelativetothemaximumsat
thetwolocations(axisandsurface)willbe givenby
(14)
Gr?5ber(ref.10)givesnumericalvsluesinbothtsbularandgraphic
fOI”mof Vb)~~) ‘d %X ,~qb,M. ~~tion oftableI willindicate #
thathisvaluesof her. and be% arecorrectorv&lmaUy so except N
atthehighestvaluesoftheargumentcm~ Accordingly,itwasdesirable
toreproducehisgermanetablesandfigureswithoutchange,although
vsluescorrespondingtohislargesrgumentsmustnotbe consideredexact.
Thesurfacetemperatureattenuationfactorsandphaseshiftslisted .
inGr5ber’stable1 forthecaseofthesemiinfiniteslabarereproduced
‘hereastable
TablesIVand
cylinder;the
(fromGr6ber)
2&:
III. Thesoleparameterinthiscaseis ~a*2 .kpc#
V (Gr6ber’snunibers4 and5)applytothecaseofth~
parameterswe Ja% and Fo*= 2nk2. Figures2 and
Pcp~~
exhibithedataoftablesIVandV ingraphicform.
3
Thelhitingsituationsweresummarizedby Gr6ber(ref.10)as
f01.lows:
“(a)E theheat-transfercoefficientisinfinitelyarge[external
timeconstantzero,internalarbitrary]sothat h2ato=- [Ja*=co]
thenthesurfacetemperaturewillbe forcedtofollowtheoscillations
ofenvironmentaltemperatureimmediatelyandwithundiminishedamplitude;
therefore,?lo= 1 [~b= 1] d & ‘ 00 [theP~se ‘hfi at‘he‘mace
iszero].
“(b)Thissameconsiderationisvalidwhenthecylinderis infinitely
thin,thatis,(ato)~2= Q [u = O andbothtimeconstantsarezero].
“(c)IYtheheat-transfercoefficientisinfinitelysmsll[@erti
timeconstantinfinitelygreatl, sotht *h2ato= O [Ja = 0],thenthe
calculationyieldsa phaseslrlftwhichincreasesfrom45°to 900,that
is,from1[8to1/4ofa period.ThisphaseS- isnottoomeaningful
becausetheoscillationsof surfacetemperaturearethrottleddownto
zeroby theadverseheat-transferconditions.
—. —. -. —
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“(d)Whenthecylinderisinfinitelythick[ratiof internalto
externaltimeconstantveryhigh],then simply,thelaws[ofheattrans-
fer]forinfinitelythickbodies[slabs5 apply,andforthisreasonthefirstverticalnumericalseriesintables4 and5 agreeswithtablel.”
Gr6bercontinueshisdiscussionofa homogeneouscylinderasfollows:
“Nowwe candeterminemoreaccuratelythedomainofthe‘infinitely
thinlandofthe‘infinitelythick’cylinders.
“(a)Ifthecalculationshowsthat(atO)/R2[Fo*~isgreaterthan
[about5 Fo > 0.7958;ar< 1.121;~tit < 0.139]thenthecylinder
(accordingtotable6)respondsasa unitoveritsentirethickness.
Thisdoesnotmeanhoweverthatthecylinder[temperature]oscillation
entirelyfollowsthatoftheambientemperature;OdY when 70 [Vbl
(accordingtotable4) isapproachingunitydoesthisoccurandonly
thenarewe permittedto treatthecylinderas infinitelythin.
“(b)Wewillinthefollowingconsiderthetemperaturewavesas cut
offwhentheyhavedecreasedto 2 percentoftheirsurfacevalues.It
cannowbe readofffromtable6 thatthetemperaturewavesno longer
reachthesxiswhen(ate)/R2[Fo~ islessthanabout0.07[Foe 0.0114;
ax >9.474;m~t >9.9q. Butthisfailureindicatesthatthecylinder
isinfinitelythickandtheequations. . . [forthesemiinfinitesla~
areapplicable.Theseimplythatthesurfaceb plane.Approximately,
therefore,thedepthofpenetration. . . isonlyabouta thtidtoa fifth
ofthecylinderadius.”
Meanresponseofsimplecylinder.- Theinstantaneousmeantempera-
turewithrespectoradiusofa homogeneouscylinder,takingintoaccount
thevariationinrelativephaseoverthecrosssection,isofconsiderable
interest.Thisrelation,derivedinappendixB,resultsfroman elemen-
tsxyarea-weightingaver&ingprocess:
(Thenotationber~b =ber~(arb)hasbeenintroducedhere. Notealso
Ithat ber~(~b)= ~b=o(m][d(m)}ro
.— ——
.—— —
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Themaximumamplitudeof ~M hasbeenplottedinfigure4(a)asa
functionofthevariableuw~ = ~b~=P/2hfandoftheparameter “
W&mbt = ~&~ tit= (2~i)-1= k/2~rb. Itwillbe notedthat,
fora homogeneouscylinder,largedeviationsfromthefirst-orderre-
sponseoccuronlyatvaluesof
~ext/~btc 10,andeventhenonlyfor
cue* < 20. Thephysicalreasonforthisremarkablefactappesrstobe
thattheincreaseh surfacetemperatureamplitudewithdecrease
%xt/=int tendsto compensateforthedecreaseindeep-interior
tude. Thispointisbroughtoutquantitativelyinthefollow@
ofhomogeneous-cylinderamplitudevalues:
am~t
o
.1
.3162
1.0
3.162
.0
Approxtite
surfaceamplitude
(Gr6ber)
0.03161(fhat-order)
.031
.035.
.043
.075
.140
Exactmean
amplitude
0.03161
.03150
.03126
.03067
.02981
.02845
in
ampli- Ns
list
M
Inthislist,fora virtuaJIYconstantrelativemeanamplitude,thesur-
facetemperatureamplitudeincreasesby a factorof 4.5ingoingfroma
%X&k ratioof infinityto a ratioof3.162;thisbehavioris
typical.
Simple-cylindersu facetemperatureanalog.- Thtiphenomenoncan
be understockwhena shple surfacetemperatureanalogisconsidered,
namely,a circuit(fig.5) consistingofa “blackbox,” a sourceof
(alternating)potential,smia highresistanceinseriesrepresenting
thethermalresistanceoftheboundarylayeraroundthecylinder.The
“blackbox”maythenbe consideredtobe an analogofthecylinder
itselX.Thepotentialisthenequivalenttotheenvironmentaltempera-
tureoscillationwhilethecurrentoftheanalogisequivalenttothe
heat-flowsinusoid.Providedtheimpedanceoftheblackboxremainsat
mostabouta ttid ofthehpedanceoftheexternalresistor,no change
ofdistribtiionfimpedancewithtitheboxorofover-allboximpedance
willsubstantiallyaffecthecurrent(heat)flowlevel.m, however,
thecylinderasa wholeistoreceiveaboutthesameamountofheatper
unittimetiespectiveofthedeep-interiorchangesof.temperatwe,it
mustfollowthatthenear-surfacevariationsmustincrease
correspondingly.
.—— ——— .—
——
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Theblackboxcontentsmaybe represented,veryroughly,by two
resistorssndan inductance(fig.5)and,inthatcase,willbehaveap-
proximatelyastheactualcylinderwillathigh UWefivalues;asthe
frequencyincreases,thecurrentinresistorA will.increaseat
theexpenseofthatin B.
Relativeresponsesat surfaceandoverentirecylinder.- Theratio
ofsurfaceamplitudetomeanamplitude(disregardingthephasediffer-
ente,of course)followsfromequations(12)and(15):
(16)
(Notethat ber~-tbei~=ber~z+bei~z.)
As inthecaseofequation(14),thisratiois,of course,inde-
pendentoftheheat-transfercoefficient,hatis,oftheJakobnumber;
a fewvaluesof ~M/~,M me listedintableVI andplottedonfigure6.
Thecorrespondingdecrease
G- q)b .
ofphaseshiftisgivenby therelation
ber~b ber~b
+1bei&b beiob
baO.b ber~,b
(17)
—_—
beiO,b beih,b
Itshouldbe notedagainthatrelations(12),(16),and(17)apply
tothehomogeneouscylinder.Theyimply,however,thatsomemeanshas
beenfoundwherebytemperatureconditionsatthesurfacecanbedeter-
minedby suitableinstrumentation.Apsrtfromopticalmeansortheuse
ofveryhighfrequencies,nophysicalmechanismisactuallyavailable
wherebythiswhollytheoreticalimprovementmaybe realizedinthecase
ofan electricallyconductivecylinder.Moreover,the(metcillic)nterior
ofthehomogeneouscylinderisstronglycoupled(thamally)tothesur-
facesothattherealizableimprovementwouldbe smallinanycase.
Quasi-Homogeneous-CylinderConfigurations
Generalconsiderations.- Idfigure7(a)a homogeneousmetallic
cylinderhasbeenreplacedby a laminatedstructure.An insulating
layer(possiblyofsomeoxide)isplacedbetweenthemetallicoreand
.
-— -.. .— -
-. — —
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purposesmighthe provisionofa neces-
retentionofan auxiliarysourceofheat. ,.
Thevolumetricspecificheatsofmostnonporousmaterialsarevery
nearlyequal,sothatthesubstitutionftheoxidesheIlhaslittleif
anyaffectonthethermalcapacityofthedevice.Thisfactaidsinthe
analysisofthesituation.Ontheotherhahd.jtheradialthermalre-
sistancewiXlbe markedlyincreasedM theoxidestratumhassignificant
thiclmess.
Assuming,however,thatbothshells- particularlytheoxide- are
ofnegligiblethickness,it isclearthattheimprovementfactorisgiven
approximatdyby equation(16)asa flqlctionf ~b (orof %nt)2 )“
b figure7(b),theoriginslhomogeneouswtiehasbeenreplacedby
an oxidecore,a thinconcentricelectricallyconductingshelJ.,anda .
covershellofthesameoxide.Thisarrangementwouldbe desirable,for
ex~le, if corrosionprotectionofthemetalwererequired,particularly .
forhigh-temperatureapplications.Thisconfigurationisdestiablefrom
theperformancestandpointonlywhentheoxidecoverlayerisverythin.
Theequationsofthehomogeneouscylinde-ra eagainvalida~roxi-
matelyprovidedthemetallic’lsyerisverythin,sothatthesumofthe
thermalresistancesoftheoxidecore,metsXlicshell,andoxidecover
shellisnotsignificantlylessthanthatofan oxidecylinderofthe
sameover-a12radius.Inthisinstance,theresponsewillof course
falloffrapidlywithincreaseincovershellthickness,althoughthere
iEnothicknesslimitationonthecovershellfromtheanalytical
standpoint.
Relativeimprovementforverythinshells.- If,infigure7(b),the
radiusoftheverythinmetallicshellisequaltotheoutsideradiusrb
(outsideoxidelayerof zerothicbess),theapproximateimprovementfac-
toranddecreaseinphaselagincompsriBonwiththehomogeneousmetaKLic
tie (thefrequencyandheat-transfercoefficientrematiimgfixed)are
givenby thefollowing:
(18)
.
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N
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N
1- .
bffO(~rb) *R,ll
tan-l- (19)
Thesewereobtainedinanobviousmannerfromequations(9)and(15);
notethatinthissituationra= rb. Inequations(18)and(19),
‘1ber~(~rb)+ bero(%rb)*R,2a ‘a2
1
@1,2= Ja~lbei~(a@b)+ beio(u2rb)
@ = Ja~lber~(~rb)+bero(~rb)R,l
1
(20)
Theimprovementfactoranddecreaseinphaselsgsrefunctionsofanyof
a numberofdependentsetsoffourpsrameters,forexample,k#@ q/a;9
~~, andJa2. Ithappens,however,that k~kl ~ (a*~a~),sothat
oneofthesevariablesisinpracticesupernwnerary.Sincethenumber
of calculationsrequiredfora generalizedsolutionwouldbe prohibi-
tivelylsrge,numericalresultsrebestobtainedforspecificases.
Jnfigure7(b),itisapparenthatthethinshe~edcaseismuch
moreaccuratelydescribedby thehomogeneous-cylinderequations(with
appropriatee srguments) thanisthesituationoffigure7(a).Thereason
istht theoxidelayeroffigure7(a)mustbe extremelythinifit is
nottoactasa thermalbsrrier,whereasinthecaseoffigure7(b)the
metalliclayermayhavean appreciablethicknesswithoutseriouslyjeop-
srdizingtheaccuracyofthesimpleanslysis. Ontheotherhand,itis
. . . . .— ____ -z—— ._. ——. .
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highlydesirablefromtheviewpointofattainmentofhighresponsespeed
tohavetheoxidelayeroffigure7(a)asthickaspracticable.Ultimate-
ly,thetwo-materialconfigurationoffigure1 isagainreached.
Thesituationoffigure7(a),forthecaseofa verythinsurface
(metallic)layer,maybe moreaccuratelyanalyzedasathick-shellprob-
lemthatisthereverseofthesituationoffigure1;thetechniquesare
discussedinthefollowingsectionofthereport.Whenthethick-shell
approachisused,thereis,of courseynolimitationa totheoxide
she12relativethickness.Noactualcomputationshavebeencazzriedout
forthiscase,however.
THETwo-MA!rERIALJmmmED cmLINDm(F~~ SHEGL~ICFJIESS)
Moduli
Theparametersrequiredforthedescriptionfthebehaviorofa
laminatedcylindm(whentheshellthicknessisnotsmall)arediscussed
inthepresentsection.Inaddition,a qualitatived scriptionfthat
behaviorispresentedintermsofthoseparameters.
Itshouldbe notedthatwhenthethm conductivityofthecore
ofsucha structureissmaIlas comparedwithconductivitylevelsof
metals,thedecouplingof surfacefrominteriorisgreatlymagnified.
Thiseffect,togetherwiththelimitationofthesensoryportionofthe
instrumenttothethermsllyactivesurfacesection,co~titutesthe
chiefadvantagesofthestructureunderconsideration.Theresulting
performanceisbestexplainedintermsof certainondimensionalmoduli
derivedfromanappropriates toftimeconstantsbasedonthepreceding
homogeneous-cylindertr atment.
Z-,2 isthetimereqtiedfortheuntiormtemperatureofa solid,
homogeneouscylinderofradiusrb andmadeofhypotheticalmaterialof
infinitethermalconductivitybuthavingthesamevolumetricspecific
heat p2cP,2asthelaminated-cylindershelJ.to changeby 1 - e-1 of
thetotal-&ngewhentheenvironmenttemperatureissuddenlyalteredto
a newfixedvalue.Theheat-transfercoefficient
‘f isassumedftied.
~tit~ isthetimereqtiedforthemea temerat~eofa solidj .
homogeneo~cyltiderofradiusrb andmadeofthesame”(real)material
(offinitethermalconductivity)asthelaminated-cylindershellto change
.
by 1 - e-l ofthetotalchangewhenthesurfacetemperatureissuddenly
altered.Inthiscase,thevalueof
‘f isnotgermane.
—— -
Nco
N
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F~Y~ ‘tit,1 isthetimerequiredfor
solid,homogeneouscylinderofradiusra and
19
themeantemperatureofa
madeofthesamerealma-
t erialasthelaminated-cylindercoreto changeby 1 - e-l ofthetotal
changewhenthetemperatureatradiusra issuddenlyaltered;here,
again,externalconditionssrenotrelevant.
Threeofthemoduliofinterestsrethen,explicitly,thefollowing:
(a.)
Itisa straightforwardmatterto show,bymeansoftheBuckingham
H theoremorotherwise,thatanyphysicalsit#at$ndescribableinterms
oftheeightvsriables‘aj~~ ~> ‘l)~~ al)a2)and m canbe de-
scribedintermsof UYC~,2,wtit,2ytitit,l)andtwotiutioti non-
dimensionalmodul.inotasyetselected.5e resultingfivenondimensional
modulimustconstitutean independentset. Theadditionalmoiuli .
P = ‘a/rb ‘d r ‘ (k2/~)(</a~)1~2occurnaturallyintheexacttheo-
ry ofthisconfigurationaspresentedinappendixC and.uetherefore
adoptedasthefinal
tionsofthepresent
Therelation
twomoduli.(NotethatI’ and r* inthecalcula-
reatmentareequal;seeappendixA.)
or
when
(22)
(23)
---- .—. — ——. . .. .— - ——-—-- .. —-= —._ ——— ——
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shouldnowbe noted.It.* tobe recalledthattheultimatepurposeis
thatofrestrtctdng‘temperaturechangestotheshelLby decouplingthe
corefromtheshell;thisexpressionstatesthattheinternaltimecon-
stantofthecore(withan increaseofwhichthedecouplingeffect,of
course,increases) exceedsthatoftheoriginalwhollymetallicwireby
a factorwhichisproportionalbothtothesquareoftheradiusratio
‘a/rb andtothethermalconductivityratio k~kl. Theimportanceof
maximizationf p isthusemphasized.
QualitativeR sponseDescription
Intermsofthemodulimentioned,thebehaviorofthelaminated
structuremaynowbe qualitativelydiscussedasfollows:Atfrequencies
solowthat ~tit,l islessthanabout0.5,theenttiecylindere-
spondsasa unitandthelsdnatedstructureisindistinguishablefroma
homogeneouswire. no~Yj ~ext,z underthesecircumstancesisvery
small,sothatthecylinderfolJowstheexternalchangesprecisely;an
exceptionwouldoccw onlyfora vanishimglysmallheat-transfercoeffi-
cient,whichwouldmeanan exceptionablysmaldBiotnumber
,.
.
.
.
AS thefrequencyincreases,thethermslresponseofthecoredeterio-
ratesmuchmorerapidlythanwouldthatofa high-thermalconductivity
coreunderthesameconditions.Inconsequence,theshellgraduallybe-
comesisolatedfromthecore;thisprocessmaybe consideredvirtually
completeat so-mearcfit,lvaluebetween15 and20,dependimgontheratio
of coresurfac~tomean”coreresponsethatisacceptedasrepresenting
“isolation”.At theintermediateWCtit~ valueof10,forexample,the
ratioofoxidesurfaceamplitudetomean)oxideamplitudeisabout4.9,
whereasatthe ~int,l valueof17.5itis13.2.
Whereasthecyltideresponseasa wholedeterioratesmorerapidly
withincreaseoffrequencythandoesthatofa homogeneousmetaUiccyl-
tidm,theresponseofthemetaUicshellfaXlsofflessrapidly,since
exchangeofheatwiththerelativelyuesponsi~ecoredecreaseswith
increasingfrequency.At amtit~ valuesgreaterthanabout20,the9
responseoftheshellisessenti&l_lyidenticalwiththatof a shelllined
ontheinsideby a layerof zerothermalconductivity,thatis,there-
sponseisvtiudly thesameasthatofa hollow,evacuatedshe~. It
followsthattheshellresponse,ignoringtheexistenceofthermalgra- . -
clientswithtithemetal,isthenapproximatelythatofa first-order
systemhavinga timeconstantgivenby
‘eXt,2,a-b= ‘@j,z’ (1 - p2) (24)
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Theresponseassociatedwiththissingle
neverquiterealizedbecausethecoreisneverperfectlydecoupled
theshell.andbecausetheshelltemperature(amplitude)isneverquite
21
is
from
—
constant.
At st~ higherfrequencies- frequenciessuchthat aJtint,2is
greaterthanabout4 to 5 - thenonuniformityofshelltemperatureb -
comesmarked,andit isnolongerproperto consider
spendsas a unit.
An approximateanalysisvalidunderdl setsof
thethermal.amplitudegradientintheshellissmall
about4) ispresentedinappendixD. Explicitly.it
that ~heshellre-
conditionssuchthat
isthereassumed
thattheshefirespondsas-~unit,butn& such~sunqjtionismadecon-
cerningthecore.Therelationsestablishedby thatanalysisareaccu-
rateforlowandmoderatefrequenciesunlessk2/kl islessthanabout5.
CalculationsandResults:FiniteShellThicknesses
Generalconsiderations.- Themathematicaltechniquesu edinthese
calculationsaredescribedindetailinappendixE. Inthissection,
selectionofmodulusvalues,organizationfthecalculations,andthe
natureandutilizationftheresultsarediscussed.
Moduliandorganizationf calculations.- Aswasmentionedprevi-
ously,the,relemntmoduliinthelaminated-cylindersituationarethe
following:m&,29 %Lnt,2~
~int,l)~)A r. Itwasdesirablethat
widerangesofthosevariablesbe covered;thattherangesofgreatest
physicalinterestbe emphasized;thatregulsrsetsofresultsbe availa-
bleineachofwhichonlyonevariableamongk2,kl,O,~, ~, and ra.
isconsideredasvarying;andthatinterpolationamongcalculatedresults
be reasonablyeasy.Formaterialsofpresentinterestpl~,l isalways
nearlyequslto p c2 p,2~hencethecalculationswererestrictedto cases
inwhichtheequalityholdsprecisely.Wtead Of r, theratio k2/kl
wastakenasa primarymodulus.
Calculationsweremadeforthetworelativeshellthiclmessescor-
respondingto ~ valuesof0.75and0.90. Itwasfeltthattheresults
forthesethiclmesses,togetherwithappropriatehomogeneous-cylinder
calculationsforthecasesB = O and ~ = unity,correspondingtoho-
.
mogeneousmetalldicandoxidecylinders,respectively,wouldserveto
establishthemesmshellamplitudesandphaseshiftsofchiefinterest
fromtheinstrumentationstandpotit.
— —.
. .....
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tither,calculationsweremadeforfive k~kl ratiosandfive
%nt, 2 vsluesaccordhgtotableVII,inwhicharbitrarycasenumbers
andgroupletterdesignationssreindicatedtogetherwiththecorrespond-
ingmodulusmagnitudes.
Itisclesrthattheeffectsofvariationofanysinglemodulus
amongwint,2,k~kl and ~ maybe observedby comparingresultswithin
anappropriates tof cases.Inthecaseof p variations,itisneces-
saryto consideralsoresultsforcorrespondinghomogeneous-cylindercal-
culations(~= O andl).” Inthecaseof k2/klvmiations,itmay
occasionallybe helpfulto considaresultsforcorrespondinghomogeneous-
cylindercalculations(k~kl= 1).
Each wctit,2valuecorrespondsto a definite~rb valueaccording
totherelationgiveninappendixA. Thenondimensionalv riableofthe
heat-flowequationswas 21- ulr inthesecalculations(although~r
couldhavebeenusedaswell).Thepamunetercm canbe considereda
kindofnondimensionalradius;itis,atanyrate cowetiento speak
~
ofanouter“radi~”~rb (or.dter~ti~el-y~rb andan ~er “radius”
~ra (or ~lra).
Theassumedrelationbetweenalr and ~r isthefolJ-o~:
%r ‘~r (k~kl)l/2 (26)
relationbecomes
%r = 1/2(p~cp,JP2cp,2)l/2u2r(~kl)
Foreachofthe50 casenumbersoftableVIII,thecombinationf
~)%/kl ‘d ‘e~,2 leadsto a core“radius”accordingtothe
relation
(27)
Relations(26)and(27)arevalidonlyinthecaseof equalityof
thevolumetricspecificheats.An alternativepointofviewisthatof
consideringthatan mint,1 valueissrrivedataccordingtothe
relation
.
N
~
.
.
.
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Outlineof calculationprocedures.
- Theinitial.mathematicalpro-
cedurethenconsistedofperforminga numericalintegrationftheap-
propriateBessel’sequationovertherange~ra to ~~ = alraP-l,
thatis,theequationis integratedoutwardthroughtheshelltothe
surface.Thestartingvaluesattheshellinnersurfaceme thevalues
ofthe berO and beio functionsfortheergumentalra. Theboundary
-.
conditions(includingthechangeofproperties)atthecore-shellinter.
facearetakenintoaccount;thedetailsaregiveninappendixE. !lkble
VIIIexhibitsthevaluesof ~ra, ~rb, a&a and ~b forthe50
cases.
Theresultsofsuchan integrationisa pairofnunibers- thevalues
oftherealandimaginsxypartsofthesolutionoftheBesselssequation
at ~rb. Ineffect,thevariationwithradiusofsmplitudeandphaseof
thetemperatureoscillationrelativeto conditionsatthesurfacesre
obtainedinthismanner.Theprticipalremainingtaskwasthatofas-
certain@gtheactualsurfacesmplitudeandrelativephaseanglewhich,
togetherwitha givennonhensionalheat-transfercoefficient
112,comprisea triadofvaluesconsistentwithen-Ja2= hf/(~2P2cp,2)
vtionmentamplitudeandphaseangle.Thedetailsofthisprocedmeare
alsogiveninappendixE togetherwiththerelationsrequiredforthe
calculationflocalandmeanshellamplitudesandphaseangles.
Itissufficientheretoremarkthata totalof19 Ja2 valueswaa
usedwitheachofthe50 casessoasto coveradequatelythephysical
reslmof interest.Thevaluesof Ja2 werearrivedatby calculation
accordingtotherelation
(28) .
inwhich(2A@-1 = 1.50075. . .for X = O.111.5e vsluesof
ontitz previouslymentionedwereusedwiththesetof m- z valuesY )
comprisingthegeometricalprogression0.1xl&/4,where n goesfromO
to 22. Itistobe notedthatwhilepatisofsuccessivealuesof
%lt ,2 differby theconstantfactorl&/2, thesuccessivealuesof
u)’c@,2andof Ja2 &lfferby 1$/4.
Theinterrelationsamong Jap Ja;L~‘i2~%nt,2~ %xt,2J ’02~
Fo~,and ~~ are~ibited intableGL Thistablewillbe discussed
atgreaterlengthinthefollowingsection.
.-. .—_—. —— ... .———..
—.
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ResultsofIamhated-CylinderCalculationsand,Discussion
Identityofresults.- Meanrelativeamplitudeandphaseshiftas
wellasthelocal(internal)variationsofrelativeamplitudeandphase
shiftfora widevarietyofconditionsarepresentedintableX andfig-
ures8 to1.1.Themeanvaluesarediscmsedfirst,sincetheyareof
primaryhportance.
Theresultsofthelmdnated-cylinderandof certainadditionalre-
latedcalculationsarepresentedintableX. As’indicatedpreviously, G
themeanamplitudeandphaseshMt wereobtainedforeachofthelisted mN
valuesofthedimensionlesssheat-transfer coefficientJ%. Theoriginal
calculations,discusedinappentiE,werecarriedoutto sevenoreight
figuresbutthefinalresultsrecorrectonlytowithinoneunitatthe
ffih figureandtofourunitsatthesixthfigure.IntableX, the
valuesreproducedwereroundedofftofives~icant figwesinthe “
caseoftherelativeamplitudesandfivesignificantfiguresinthecase
ofthetangentsofthephaseangles.‘Thelsmdnated-cylinderphasesldfts
Fz aregivenonlyto threedec~ placesbecausethesewereroundedoff -
inthatmannerpreparatoryto curveplotting.Theremainingphaseshifts
aregiveneithertofivesigdficantfiguresorfourdecimalplaces.
WhileF2 isgivenonlytothreedecimalplaces,greateraccuracycanbe
recovered,M desired,by wing thecorrespond@tam52 values;the
latterareincludedherebecausemanyoftheformulasofthepresentwork
involvethetsmgentoftheangleratherthantheangleitself.
ThearrangementoftheIaminated-cytider(P= 0.90and0~75)reml.ts
intableX correspondstothecasenuder orderoftableVII. Comparisons
among.differentsetsofresultsmaythereforeasilybe made,as indicated
previouslyin connectionwiththediscussionoftableVII.
Znaddition,resultsme includedof calculationsforcorresponding
otide-cylindmsurfacecasesandexactand“fimt order”(uniformtempera-
tureassumption)homogeneous-cylindercases.Thevslueof Jal usedh
eachoxide-cylindercalculationwE@,of comse,equalto J%(~. It
followsthatthehomogeneous=ide-cylinderstiace ~,M and ~b -es
representslimitingvalueswhichmaybe approachedinreal.situations
butneverattained,sincetheycorrespondto p = 1 (ra= ~).
Qualitative=aminationofresults.- A nuaiberof interestingcom-
parisonscanbe made. At thesml.1= me vslues(lessthanabout3), ,
thehomogeneous-cyltideramplitudeat a given J% isactullyslightly
greaterthanthelaminated-shellva uebutasthe aX@ valuecentinues
to ticrease(say,to10),theshellV~-S attheV~iOUE ~1 ratio$
—.
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becomegreater,particularlyatthehigh ~/kl values.A related,and
rather emszkable,variationof ~2 amongtheshellvaluesatthelowest
u~@ z valuesmaybe noted,namely,an initialdecreaseof ~2 with
incre&ingk2/kl,followedby a reversslofthistrend.At successively
higheruzat,2 values,thisreversalisgraduallyeliminateduntilthe
homogeneous-cylinderamplitudesfallinvariablybelowalltheothers.
Nosatisfactoryexplanationfall.oftheseeffectsisavailable.
A detailedcomparisonftheresultsattheseve&l ~ valuesin-
dicatesthatatmoderateuwht,2 values,theimprovementfactorde-
creasesmarkedlyastheshell.thicdessincreasesmoderately.Foras-
ample,at~ ~Ttit,2valueof1.0andan UT%,2 valueof100,the
amplitudevaluesfor ~kl = 40areasfolilows:9 = 1 (oxidesurface),
0.090430;p = 0.90,0.037681;~ = 0.75,0.020378;and ~ = O (homogeneous
cylinder- exactsolution),0.0099049.Thesuccessiveratiosofmean
shellresponseto oxide-cylindersurfaceresponseforthe0.90she13.,
0.75she~j md 0.0shell(i.e.,homogeneousmetallicylinder)are
0.417,0.225,and0.1095,respectively.Therefore,thedecreaseinam-
plitude,ingoingfromthe P = unity(oxidecylinder)caseto the0.75
shelJcase,ismuchgreaterthanthechangebetweenthe0.75shellcase
andthe ~ = O (homogeneouscylinder)case.
Variable-frequencyplots.- Certainadditional.comparisonsarebest
mde in connectionwiththediscussionofthevariable-frequencyplots.
Meanrektiveamplitudesndphaseangleareplottedinfigures8 and9,
respectively,asfunctionsofthepsrameter~fit,2j in themeantime
‘ext,2 ispermittedto varyinthemannerinwhichitwouldif u alone
werevaryinginthecaseof eachmodulus.
Amplitudecurvesforeachletteredgroup(~ and ~~kl constant)
constitutea singlepartoffigure8,whilethephaseresultsconstitute
a singlepsrtoffigure9. Theparameterheldconstantinthecaseof .
eachphaseshiftcurveandinthecaseof eachofthe-principalamplitude
curves(runningfromupperlefttolow= right)istheBiotnumberB%,
thevalueofwhichtiindicatedon eachcurve.Theindependentvarhble
hasbeentakenas wctitz to consenespace.Ineffect,”thesolevari-9
ableoftheseprincipal&rves isthefrequency(althoughotherpossi-
bilities,notalJparticularlyuseful,willbementioned).k addition,
secondsrycurvesaredrawnontheamplitudesheets(fig.8);their
~ andwe areexplainedelsewhere.
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phaseshiftvaluesfortheseplotswereselected
Ziandtheexpression
.
1.50075“ “ “ (~tit,z)l/2Ja2=
@Zxt>2
(29)
Itisclearthatuponincreasingordecreasingthefrequencyby some
factor,J% willdecreaseor increase,respectively,by thesquareroot N
ofthatfactorwhile u~tit,2and UJTti,2willvarydirectlytith 1%
thefactor. N
Intable~, itwtllbe noticedthatthesuccessivecotiinationsof
~=ext,23%.nt,z)and Ja2 requilredfora givenamplitudecurvelie
alonga diagonalineinclinedupwardfromlefttorightandalongwhich
theBiotnumberis constant.Thefacttlmta successionf columnsof
.
tableIXmustbe traversedindicatesthatthesuccessivem anamplitudes
andphaseshiftsmustbe found,notintheresultsforanyonecase,but “
ratherina properlychosenset. Forexam@e,if cylinderesponsesare
desiredfora B of0.75and k~kl of5~thesuccessiveP-S of v~ues
wouldbechosenfromamongtheF groupof cases,namely,1,5,12,22,and
32 (seetableVII)jtheamplitudeandphaseshiftforthe Ja2 value
0.084394wou.ldbeselectedfromthecase1 results(seetableX),thesm-
plitudeandphaseshiftforthe J% value0.047458fromthecase5 re-
sults,etc.
Allofthecalculatedresultsweregroupedtithismannertofacilit-
ate plott~. Althoughthesolevariableoftheprincipalcurvesis
frequency,itispossibleto selectotherveriablesor combtiationsof
variablesinsucha waythatthecurvesmaybe interpretedasrepresenting
theeffectsofvariationsof suchsinglevariablesor combinations.Ek-
plicitlyjeither% P> Cp) w> @=p~ or -~ - be co~idered to be
thesolevariableofthesepresentations.
Whenthedtl?ferentamplitudecurvesofa singlepartoffigure8 are
compared,itshoultbenotedthat ~~,2 h notconstantalonga ver-
tical(constantmrfit,2)linecrossingsuccessive”curves.‘e ‘ext,2
scalevaluesincreaseby a factorofl@/4 as eachsuccessivecurveis
reached(proceedingfromtoptobottom).Thesecondarycurvesoffigure
8 bringoutthesearc@,2 changesmoreclearlyandenable asyinter-
comparisonfamplitudesfordifferentprimarycurves.Theirsignifi- .
cancewillbe discussedsubsequently.
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h theseplots,thecurvesweredrawnforvaluesof %lt,2 < 0“1
and>10 by extrapolation;curvevalueslyingoutsideoftheramge
“0.07<um~tjz <-15shouldnotbe consideredtobe quantitatively
correcteventhoughconsiderablecarewaeexercisedinthefairingproc-
ess. Curvevalueswithinthe o~t,2 rangementionedaregenerally
correctowithinAl percent.Ontheotherhand,valuesfor @~t,2
lyingoutsideoftherangeinquestionmaybe asmuchas10percentin
errorin isolatedcases,thoughtheselargeerrorsareimprobableand
wiU be reached(ifatall)onlyat mint,2 valuesofabout0.025at
oneendofthescaleandof40attheotherend. M general,values
withintheranges <0.07 and 155untit,2S40 me0“025~%lt,2 –
probablycorrectowithin4 percent.
At high CUT*,2 vdms (fig.10)JT2 valuesforWiOUS ~/kl
ratiostendtocoincideoreven“crossover.”Forexsmple,the
Bi= 0.450amplitudesexhibithisbehavior;atsmallerBi numbers
thetendencyislessmarked,althoughstillpresent(forexsmple,the
Bi=
0.25
very
case
0.00450amplitudecurves).
Theimprovementinresponsexhibitedinfigure10 ingoingfroma
relativethicknessshelJ-(~= 0.75)to a 0.1shell(I3= 0.90)is
markedat allBiotnuibersat aYC~,2 v~ues tht ae fieach
highenoughto ensuresubstantialimprovementofresponseforthe
changefromtheconventionalwiretothelaminatedstructure.The
P = 0.90,Bi= 0.450curvesdepartmarkedlyfromthefirst-ordercurve
atan ~at,2 valueofabout7,andthe p = 0.75,Bi= 450amplitudes
aresignificantlyloweratthatpoint.Similarly,whilethe P = 0.90
and P = 0.75 curvesfor Bi= 0.00450overlapextensivelyatan
Luc@,2 valueof100(where,at ~kl lesst~ 8% littlega~ ~
available),the B = 0.90 curvesareall.substantiallyabovethe
P = 0.75 curvesat 0Z~,2 vaues of 700~d beyond.
Thesignificanceofthesecondarycurves(runningfromlowerleftto
upperright)offigure8 isnowdiscussed.Consider,forexample,infig-
ure8(a),thethirdcurvefromthebottom.Thiscurveintersectsheprin-
cipslcurvesatpointssuchthat wtit,2 ch~es by succes~ivefa~ors
of101/4,asdoes Bi2. At thesametime,CUC%,2 rewti ftiedand J~l
(or Jz@ chmges%y successivefactorsof101/8. Theonlyphysicalvari-
ablecontainedin m~t,2 thatisnota factorof aJTeti_,2iS k2. Ac-
cordingly,thesesecondarycurvesdisplaythechmgeof 72 @th the
thermalconductivityleveloftheentirelaninatedcylinderanditisclear
that kl mmt chsmgeproportionallysoasto~nt~ co~t~cy ofthe
ratio k~kl.
.
. .
————
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Inparticular,thecurves,risingtowardtheright,
creaseof 12 withdecreasingkl and k2 athighand
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displaythein-
mcikrate values
of ~a, z (forQIe, thecmvesatlowandintermediate~2 values
oftheD group,figure8(d))aswellasthetendencyfor ~2 toreach
a maximumatmod~ate @Ttit,2valuesandlow uzm,2 values,themaxi-
mumbeingfollowedby a.fall~ offof “~2 athigheru’ctit,2values.
Forexample,the UT&,2 = 1.78 secondarycurveoftheD groupreaches
a maximumof 0.82ataboutan m~t,2 valueof3 while~2 valuesat NN
~h~ @ lower~~tit,2valuesarelower.Thischaracteristicofthe o-lCu
secondarycurves(attainmentofa maximum)ismorepronouncedinthecase
ofthe ~ = 0.75 groups,as isevidentuponcomparisonofthefigure
8(d)andfigure8(a)secondarycurves.No satisfactoryexplanationf
thisphenomenonisavailable, .
F~y, itshouldbe notedthatthesuccessivecombinationsof
J%v Bi2~~~t,2~ ~ (ffied)UX~,2 forthesecon~y amplitude .
curvesliealonga diagonaloftableIXrunningfromthelowerrightto
upperleft,thecasenumberschangingappropriately.
Otherwaysinwhichtheseresultsmaybeusedarenowconsidered.
ThesuccessivetableIXmcihiluscombinationsthatme encountereddnring
excursionsparalleltothetwoprincipaldiagonal.directionsandina
vertical(columnar) directionhavebeenpreviousl.ydiscussed.8uchex-
cursions- withappropriatecasenumberchanges- werefoundto@.eld
ticremingfrequency(or P, ~, UP,~, or ap~) data,thermal-con-
ductivitydata,andheat-transferdataforascending-to-the-upper-right
diagonalexcursionB,deBcen&@-tO-the-10Wer-rightdiagonalexcursions,and
top-to-bottomcolumnarexcursions,respectively.Theseareexemplified
withintableIXby thesetsofentriesidentifiedinthefootnotes.It
shouldnowbe notedthat J% isindependentof ~, anda consideration
ofthechangesof @tit,2 and.mTefi,2alonga rowoftsbleD leadsto
theconclusionthat,ata fixed J% valueinthecorrectsequenceof
CaSenLUUbersjuccessiveticre=esof rb by factorsofl&/4 cause
changesof
tianyrow
creasesby
low i3
thosemodul.iandof Bi2 correspondingto successiveentries
(proceedingt~d theright).At eachstep,@tit,2 in-
ld/2,W*,2 increasesby l&/4, and Bi2 increasesby
an example(tableXI),~z for p = 0090~k~kl = 40~
%ntj 2 = 0.1,ac~jz = 100,and J% = 0.004746is0.022456,wmle ~2 “
forthesame 9,k~kl, and Ja2 butfor ~~t,2 = 0“3162afi
@%xt,2= 178 is0.017124.5e respectiveBiotnumbersare0.0045045
and0.0080103.
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Itdesired,theapproximatereatmentpresentedinappendixD may
be used.to extendtheplotsoffigures8 and9 tolowvaluesof UYCfit.
Thecalculationsofthiskindmadetodatesreconsideredinsufficient
towarrantinclusioninthe~resentreport.
Atveryhigh Wtit values,thecoreisvirtuallydecoupled,so
thattheso-called“exact”hollow-shelltheoryofappendixF isappli.
cable.Whilethattheoryisnotactuallyexactinthiscase,theerrors
wouldbe small.
NUMERICALlIXAMl?liESANDDISCUSSION
GeneralConsiderations
Twokindsof “nuk~icalexamples”willbe presentedinthissection.
First,numericalvaluesofamplitudeandphaseshtitat isolatedpairs
of ~~t,z and %xt,2 valuesaregivenh tableXI forcertainsets
of cylindershavinga commonouterradius.Thecylindersconsideredare:
A homogeneousmetxillicwire(P= 0),laminatedcylinders(~= O.90)for
k2f% = 5, and40,andan oxidecylinder(~= 1.00).Inthecaseofthe
oxidecylinder,thethermalconductivityisalsoassumedtobe either
one-fifthor one-fortiethoftheconductivityofthemetallichomogeneous
cylinders.Thesamemetalisassumedtobeusedinboththehomogeneous
andlaminatedcylinders.Second,numericalresultsforlargerangesof
W@,2 aregivenforthreehypotheticallsminatedwiresofa specified
sizeandexposedtoa spectiiedairflow.
SelectedSetsofGeneralizedResults
Thefirstsetofresults,slreadypublishedinlargepartinref-
erence15,isexhibitedastableXIwhich,foreaseofreproduction,has
l beensplitintotwoparts(withsomeoverlapping).Itisemphasizedthat
theseexcerptedsetsconstitute,m relya smallportionoftheresults
presentedintableX. Inthefirstpart,thevaluesoftheparameters
‘2/kl~‘int,21‘%) %lra~Ulrb,~raj and ~rb aregiven.Thelatter
fourparametersapply~asa group,onlyinthelandnated-cylindersitua-
tion,andthenonlyfO~ P = 0.90. h thehomogeneous-metallic-cylinder
situation,o secondmaterialispresent,sothat ~ hasnomeaning
(sincera = O);inthatcase,only ~rb hassi@ficance. h the
zero-thicknessshellcase,thatis,thesituhtioninvolvingthesurface
temperatureamplitudeandphasewhena surface-coatedoxidecylinder
..—. ..—. .—-. .——. z _—— __ _ ._ .
—.—— —
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replacesthemetallicylinder,the
effect,the untitproductforthe
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applicableparameteris alrb. h
(entire)metallicylinderhasbeen
replacedby the a)~t productoftheoxidecylinder.
Tnanygivenrowofthetable,thefollowingmaybe consideredto
be fixed:%, O, ~, andtheratioofmetaltooxide(ifany)thermal
conductivity. Fromrowtorow rb,0, and ~ sreof coursefreeto
changeh anymanneraslongastheresultingnondimensionalparameters N
havethevalueslisted. %N
5e significantfactsbroughtoutintableXI arethefollowing:
(1)Forsmallandmoderatelylsrgevaluesof a~t atlarge~e~
values,theexactand“ftist-ord=”solutionsforthehomogeneous-
cylindersituationme nearlyidentical,sothat,forsuch mint - W- -
combinations, itissufficientlyaccurateto comparethelaminated-“
cylinderorthin-layercoatedoxide-cylindersolutionswithfirst-order .
Solutiom.
(2)~ = 0.90amplitudesandphaseshiftsaredistinctly~erior to
thoseofthe ~ = 1 (thin-layer)oxidecylinders.Whereasall-oxide
cylihderssrecapableof indeftiitelyage gains,9 = 0.90cyltidersare
inherentlyficapableofgains&eaterthanabout5. Forexample,inthe
lastlineoftableXI theamplitudegainingoingfroma metaLlicylin-
derto a ~ = 0.90 cylinderof k2/kl= 40 is3.8-t-,whereasthegain
forthe P = 1 caseis9.6+.
Thatthislimitationmustbe presentfollowsfromtheconsideration
thattheratioofmettiiccrosssectiontototalcrosssection(inthe
r: 2- ra
caseofthe p.O.90 laminatedstructure)iEjust = l-p2=o.19.
%
Theftist-orderresponseofa hypotheticalhoLlowmetdil.icshell.ofthe
samedimensionswouldthusbe 5.23timesasgreatastheftist-orderre-
sponseoftheoriginalmetallicylinder(or>fort~t matter}ofthe o
laminatedcylinderwhen pl~,l = p2~,2). SticetheresPo~eofthe
laminatedcylinderisneverquiteasgoodasthatofsucha hollowshe~,
a 13=0.90structurecannothaveagaingreaterthanabout5.
me exactexpressionfortheamplitudeatverylargeun~ values
mayeasilybededucedfromthedefinitionsof @Rjb and *I,b: .
—
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Using,forexample,equation(E15),itfollowsthenthatas Ja2 ap-
proacheszero,
A groupofthefactorsontherightmaybe expressedasfollows:
2Ja2
=
2:(1- p’)
=
Zb(l- pz)uk,
(32)
(Thisshouldbecomparedwithequation(24).)
~ ‘q~tion(3’),‘@,2 eq@$ (rbP2cP,2)/2hf;thisiS,Of course,
theexternaltimeconstantofa homogeneouscylinderconsistingentirely
ofmaterial2 (ormaterial1 if pl~,l= p2~,2). Thetimeconstantof
a homogeneouscylinderconsistingentirelyofmaterial2 butofradius
ra wouldbe (rap2cp,2)/2~.Theexternsltimeconstantoftheshell
wouldbe obtainedby-usingthethermalcapacityoftheshellalone,and
thistimeconstantis
Itfollowsthat
(33)
Itwillbe notedthat PR~/~ and ph&/~ wiIlbe rathersmall
whenthereislittleheatexchangebetweencoreandshell- whichwtll
be particularlytrueathigh k2/klratios.Indeed,if (R~- 13R.&)+ R~
and liB&- @Jin~+ In& thentheaboverelationreducesimplyto
—-— .—. —-—____
32 .
Lti -1fi2,M=(W~,2, a-b)
%J~+O,Z~rn
whichiswhatwouldbe expectedathigh cwc~ values
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(34) ‘
N
n’1
aregivenintableXIIandrepresenttheextentowhichcore-shelJ .-Cn
cou@ingpersistsineachcase.Note,however,thattheasymptoticcon- N
ditionalwaysrepresentsan improvementoverthesimple-cylinder
situation.
ResultsforActuslSituationsandDiscussion
.
Thesecond‘numerical-ample”concernsthreeplatinum- fused-quartz
wiresofdifferentsize- specti?ically,0.0004(wireA),0.002(wireB),
and0.010(wireC) inchindiameter.
.
The0.0004-inch-diameterwkreis
typicalofhot-wiresaemometry;no significantlysmallerdrawnwireis
commerciallyavaflable.A somewhatsmalleretchedtungstenorWollaston-
processnoble-metalwireis,however,available.Thenumericalexample
givenheremaybe usedtodeterminetheadvantage(M any)of a larger
landnatedtie overhomogeneouswiresofthis(0.0004in.)dismeteror
smaller. Thelargestie (0.010in.diam)isrepresentativeofmost
thermocouplesused,forexample,in jetenginestudies.WireB (inter-
mediatesize,0.002in.)wasselectedasa compromisewireforcompari-
sonpurposes.
Thethermalconductivitiesofplatinumandfusedquartzvaryinsuch
a mannerwithtemperaturethata temperaturecanbe found(inthevicinity
of350°C) atwhichtheratio k2/kl isprecisely40. Itisnot,how-
ever,necessarythatthis=act temperatureb knownjsticetheresponse
ofa hypotheticallaminatedstructureofthesematerialsdoesnotvary
r~cally withslightdeparturesof’theratiofromanassumednominal
number(suchas40). Accordingly,it isassumedthateachofthelami-
natedwiresA, B, andC consistsofa coreoffusedquartzcoveredby a
concentricshellofplatinum,thevaue of J3being0.90(thickness
0.1~). At theoperatingtemperatwejthevolumetricspec~icheat P%
‘3 ‘C-l,andthethermaldif-of eachmaterislwillbe about0.60calcm
fusivityofplathummaybe takenas0.29cm2see-lattheoperating
temperaturewithlittleerror(0.293wasactuallywed intheorig=
calculations).
M-flow conditionsareassmwltobe thefolJmwing:Machnmber,
o.5jstaticpressure,1 atmosphae;tot~ temperature}500°R=
NJ
u)
IN
N
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Orthogonalincidenceisassumed.Calculationf
‘ext isfacilitated
by theuseofa nomograph(fig.17 ofref.16)forthecalculationf
suchthe constants.Thenomographismosteasilyusedinthisinstmce
by obtainingthetimeconstantofa wireofa particulardiameterand
ihenusingthefactthatthetimeconstantvariesasthe1.5powerofthe
diameterwhenallothervariablesremainfixed.lhomthenomograph,a
constantof0.040secondisobtainedfora O.006-inch-diameterwire. It
fOllowsthat
‘& forwire~A is688microseconds,forwireB is7.70
miUiseconds,andfortie C!is86.1milliseconds.(i!hexternaltime
const&tofa platinum0.0002-inchwire,usedlaterincomparisons,is
243microsecon-ti
Theseversl
followinglist:
Tire
A
B
c
undertheassumedco~tions.)
timeconstantsandBiotnumbersareexhibitedh the
I I c-p
0.0002243x10-655
.0004688X1O-6 231.3
.00207.7OX1O-320.67
.01086.1X1O-3 1.848
cint,2~
r
sec here
%nt ,2= 1,
I Cps
------ ---- -------- -
L0978x10-61,627,OiXI
2.444X1O-6 65,100
61.1x10-6 2,605
3iot
lumber,
Bi2
--------
1.00064C
.00143
.00320
Extemal-
inta’nal
the con-
stantratio,
C*Jd=$nt,2
(a)
----
7030
3150
1409
Thefrequenciescorrespondingtothe @int,2 values0.01,0.0316228,
0.1,etc.,aretheneasilycalculated.Thefrequenciesaregivenh the
followingtable:
.
.. ..---. —— .—.— ——.—. _—._— _ ————-——
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‘int,2
(approx.)
0.01
.0316
.1
.316
1
3.16
10
WtieA, 0.0004in.
External
time
constant,
m&
70.4.
222.6
704
2226
7040
----
----
Frequency,
Cps
16,270
51,460
162,700
514,600
1,627,000
---------
---------
WireB, 0.0020in.
31.49
99.7
314.9
997
3149
9970
----
Frequency,
Cps
651
2,059
6,510
20,590
65,100
205,900
-------
WireC,0.010in.
‘ext
14.09
44.6
140.9
446
1,409
4,460
14,090
?cequency,
Cps
26.05
82.4
260.5
824
2,605
8,240
26,050
ltrequenciesatwhichwireresponseislessthanabout0.0003arenot
given,sticetheselackpracticalsigtiicance.
ThecurvesoffigureLl exhibithevariationwithfrequencyofthe
responseofthethreekids ofties, namelyJl~ted cyl~dersof
diametersA, B,andC;homogeneousmettiic(platinwn)cylindersofthe
samerespectivediameters;andfused-quartzcyltidersofthes~e respec-
tivediametershavinginfiniteshalsurfacemettiiclayers.
Thehomogeneous-cylinderresultsarenotexact,butare“ftist
order”;thesearenotseriouslyinerroratany untit- mat value
combinationforwhichtheseresultshavebeencomputed.
Theoxide-surfaceresultsaretakenfromunpublishedcomputations
madeattheIeti laboratorywhicharehewn tobe correctofivesig-
nificantfigures.
Theconstructionfthesecurvesisofsometiterest:TheBiot
numberoftie B correspondscloselywithoneofthevaluesoftheorigi-
nalcomputations.Therefore,inthecaseofthelaminatedwireB, it
wasnec&s~ merelyto slidethe(trmlucent)sheetofgraphPaPer
(fig.IL)ov-=theproperoriginal-setofamplitudecurves(fig.8)and
sotolineup thetwosheetsthattheverticalinesrepresenttigfre-
quenciesoftheabscissascaleofthefigure11 sheetfellontopofthe
corresponding“refitvaluesoftheoriginalcurvesandthattheamplitude
scaleswerealined.
lhthecaseoftheoxide-surfaceamplitudesofwireB, computed
pointswereavailablewhichalsocorrespondcloselytotheBiotnumber
ofthatwire. !I!heftist-orderpointswereof courseobtainedinan
[ 1-1/2elementaryfashionfromthefunction1+ (m’ra)2 “
..— ————
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InthecaseofwiresA andC, interpolationprocedureswererequired
whicharedescribedinappendixG.
TheseveralcurvesoffigureU areofinterestfroma mniberof
viewpoints.Forexample,itwouldnotordinarilybe thoughtfeasibleto
usea 0.01wireatfrequenciesa highas10,000cps,yettherelative
responseoftheO.01-inch-lsminatedcylinderforthecase p=l is
about0.0035- small,butwellwithincompensabletiits(thatis,the
signal-to-noiseratiowillingeneralbeusablyhigh).Whilea “surface”
layerisverynearlyrealizableinthecaseof.a0.01wire,the J3= 0.90
and0.75cWves clearlyindicatethepenaltyinvolvedifthelayerrela-
tivethicknessisforsomereasonpermittedtobe substantial.
A comparisonftheresponseofthe0.0002-inch-conventionalwire,
theresponseofthe0.0004-inch-laminatedcylinderfora ~ of0.90,and
theresponseofthe0.002-inch-surface-coated-oxidecylin r(~. 1)
revealsthattheseresponsesareroughlythesameinthevicinityof700
kilocyclespersecond.The700-kilocycle-per-secondregionisof special
interestinthecaseoftheseparticularresponsecurvesfortworeasons:
First,atfrequenciesgreaterthan700kilocyclespersecondthesere-
sponsesdropbelowthelevel(0.001)atwhichthenotie-to-signslratio
isoftenhighenoughto causeprohibitivedifficultiesintheevaluation
ofoutputwaveform;andsecond,itiscurrentlyconsidereddesirableto
extendhot-wireresponsetothe106cpsareainsupersonicwork. It
thereforefollowsthatthegoalof106cpsusefulresponsecanbe ap-
proachedby usingan extremelythincoatingon “wires”of sizesgreater
than0.001inch.
Ribbonsof 0.00006-incht icknesshaveactuallybeenrolledfrom
platinum-rhodiumandplatinum-tiidiumwiresofabout0.000M-inchdiame-
terby a manufacturerspecializinginfine-wiredrawing.Theseribbons,
whenwoundintheformofan openhelixona 0.002-inchcore(for
example),yielda p valueofabout0.94,sothattheactualresponse
realizedby usingsuchribbonswillbe intermediateb tweenthoseofthe
P = 0.90 and ~ = 1 situations.A ribbonthicknessof 0.00006inch
doesnotrepresentthelowerlimitattainableby theuseofknowntie-
flatteningtechniques,othatfurtherimprovementisstillpossibleh
thatdirection.
Itispertinentheretoremarkthatas ~+ O or m+-, thesur-
faceresponseofa cylhderapproaches(and,infact,becomesfors3L
practicalpurposesatmoderatefrequenciesinthecaseofan oxide
cylinder)theparameterJa itself(whichis,of course,independentof
%)” Thatthisistrueiseasilyshown:First,itisclearthatas
Ja approacheszero,thesurfaceamplitudeisgivenbythefollowing:
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Secondjitshouldbe noted(ref.17,pp.333-335,e.g.)thatboth
(ber~,b+ bei~,b)1/2 and(ber~:b+bei&b)1/2 approachthessmefunc-
tion e‘Ifi (2~)1/2 as.m approaches= ./ Theaboveexpressionfor
~, therefore,doesapproachJa. Thecorrespondingasymptoticphase
angleis45°,whichisobtainedfia similarmannerby notingthatas
theargumenticreases
and
Itisveryinteresting,
asymptoticrelationsforthe
~ (bero(x)+beio(x))o
inthisconnection,thatthecorresponding
slabareidentical,as,ofcouse~they~st
be-~necessity.(Theyarenotderivedhere,tit~ybe e-flY obta~ed
from,e.g.,materialinref.IJ-or eqs.(6a)or (fi)ofref.10.) ~
inspectionfthethreesurfacecurveswi13indicatethattotheright
ofthepointofdepartureof eachsurfacecurvefromthecorresponding
first-orderresponsecurveeachsurface“curve”becomesa stramt line.
Theordinatesofti pointslyingalongeachsuchstraightlinecanbe
ratheraccuratelyestablishedbyusingthesimplerelationgivenabove
(~M=Ja) providedtheJakobnumberis computedfortheoxide(thatis,
by hing thethermalconductivityoftheoxide:Jal=
~k~i J%).
Theratioof surface(~= 1) responsetoftist-orderresponsein-
creasesindefinitelywithfrequency.Inasmuchasthesurfacerespome
fallsoffattherateof3 decibelsperoctave(thatis,by a factorof
@/2 foreachdoublingoffrequency),whereasthefirst-orderresponse
fd.lsoffat 6 decibelsperOctavej the r~at~= ga~ oftheoxides~-
facehybrid“tie” increasesattherateof3 decibelsperoctave.The
actualratiodependsuponthenumericslvaluesoftheparametersof a
particularsi?a.zationinthefollowingmanner:
Asymptoticsurfaceresponse
Asymptoticfirst-oral=response= (Jai)(cDz~,2)
.
_-—
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Thisresponseratiomayalsobe expressedas
Itshouldbe notedthattheasym@oticsurfacer sponsesofthese
wiresofdifferentsizearedMferentbecausetherespectiveheat-transfer
N coefficientsaredifferent.tiparticular,inasmuchas Jal variesdi-
mNN rectlywith %, and ~ varieswitha powerofwirediameterlyingbe-.-
tween-0.5and-0.2fortheReynoldsnumber(basedonwirediameter)
regimeinquestion(Oto about5000),thesurfaceresponsewiJ2increase
withdecreasingwirediameter.Ml othervariablesme assumedfixed.
Itisfeltthatcomparisonsofthiskind,basedastheyareonsomefixed
airflow,aremuchmoremeaningfdthancomparisonswhichwouldinvolve
anassumptionof constancyof ~. ~ general,then,evenifa zero-
thicknessmetalliclayerisassumedapproachableatallwiresizes,it
st~ isdesirabletomin3mizewirediameterfromthefrequency-response
standpoint.Thisconclusionholds,of course,forcoatingsnotapproach-
ingzeroinrelativethickness- forexample,wheneveranactualribbon
offtiedthicknessisavailable.Thesame0.00006-inchribbon,when
combinedwitha coreof 0.00188-inchti~eter,- yi~d a ~ ratioof
0.94atan over-alldiameterof0.002inch;whencombinedwitha coreof
0.00028-inchdiameter,the0.00006-inchribbonti yielda P ratioof
0.70atan over-alldiameterof0.0004inch. (Incidentally,theribbon
willbemuchmoredifficulttowindatthe0.0004-in.size,butthe
windingcanbe effectediftheribboniselectricallyheatedduringthe
windingprocess.)
Undersuchconditions,therespomeofthe0.002-~ch-l_ted~e
(ata @ ofO.94)willbemarkedlyinferiortothatoftheO.OO04-inch-
laminatedwire(ata f3of 0.70)up tofrequenciesoftheorderof100
kilocyclespersecond.At thisfrequency,however,theresponseratio
hasdroppedtoabouttwo-to-one(-0.003as comparedwith-0.0015).At
stfl higherfrequencies}there~ little~ferencebe~eenthe~ re-
sponses,sothatforworkinvol~ frequenciesabove100kilocyclesPer
second,themuchstronger0.002-fich(orpOSSiblY0.0015in.)we -t
wellbe employed.
lhehomogeneous(metallic)yl~er points,althoughcalculated,
werenotplottedbeca~ejfigener~jtheyme nots%@ficE@lY less
thanthecorrespondbgfirst-orderpointsonlog-logplotscover~ the
tie sizesandfrequenciesofpresentinterestinthermocoupleorhot- “
tie anemometerresearch.As a typicalexample,thefirst-orderand
“-act”(homogeneous-cylind=-of-finite-conductiviw)amplitudes,ata
frequencyof65,100CPSforthe0.oo2-fich~e~~e 0=000317ad
0.000316,respectively.
.— —...— —-
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CONCLUSIONSANDSUMMARY
Thisreportis chieflyconcernedwith
NACATN3514
OFRESULTS
theresponsesof imfinitelv
long,cticul&cyltidersto sinusoidalchangesof envtionmentaleffec~ive
temperature.Bothhomogeneouscylindersandlaminatedstructwesare
considered.Localandmeaninstantaneousrelativetemperatureamplitudes
andphasesaredeterminedandpresented.5e analyticalandriumerical
resultsreapplicableto situationsinwhichtheheat-transfercoeffi-
cient–~oneis changingprovidedthechangesaresmalJ.andto situations N
inwhichbothtemperatureandsmallheat-transfercoefficientchangesare z
occurnbgshultaneously. m
Analyticalandnumericalresultsconcerninghomogeneouscylinders,
aspreviouslygivenintheliterature,areextendedandorganizedonthe
basisoftwotimeconstants.Jnparticular,a relationyieldingthe
space-meanvalueoftheinstantaneoustemperatureof a homogeneouscyl-
inderhasbeenobtatied.Thetwotimeconstantsaretheconventional 4
timeconstant,hereindesignatedthe“external”timeconstant,ofa hot-
wtreanemometerorthermocouple,anda so-called‘internal”the constant. .
Thelatteristhetimerequtredforthemeancylindertemperatureto
changeby 1 - e-l ofthetotalcha~eaftera suddenchangeof cylinder
surfacetemperatureto somenewvalue.
Interrelationsammg thesethe constants,certatiadtition~pa-
rametersnowinuse,andthepa=eters used~ earlierworkwe given”
Theconclusionisreachedthatthedeviationofthebehaviorof
ordinary(metaJlic)wiresfromthatusuallyassumedin comentional
(“ftist-order”) analysesisnegligibleformostengineeringpurposes.
Thebehaviorofa homogeneouscylinderoflow-thermalconductivity
coveredby an electricallysensitivelayerofne~igiblethicknessis
considered.Itis concludedthattherespo~e,h these~e ofratioof
temperatureoscillationamplitudewithintheverythinsurfacelayerto
externaltemperatureoscillationamplitude,isbetterthanthatofa
homogeneousmetallicylinderby a factorwhichisoftheorderoften
undermanycontitions,butwhichmaybe substantiallyhigher.
.A treatmentofthegenerslcaseofthetwo-materiallaminatedcyl-
inder(finiteshellthickness) 3-sthengiven.me tifiic~ solution
isobtainedandisusedprimarilyto checkextensivegeneralizednumeri-
cslresultsobtainedby themethodofnumericalinte~ation.
Thebehavioroflaminatedcylindersconsistingofa coreoflow- .
thermalconductivityanda surroundingconcentricshellof electrically
sensitivematerialh perfecthermalcontactwiththecoreisinvesti-
gatednumericallyaudpresentedgraphicallyforsJLconibinationsf
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thefollowingvsmfables:ratioofthermalconductivityof shelltothat
ofcore: 5,10,20,40,and80;ratioof shellthicknessto over-all
radius:0.75and0.90;19 differentvaluesofthenondtiensionalheat-
transfercoefficient(designatedtheJakobnuriber);productofangulsr
frequencyandinternaltimeconstant:0.10,0.316228,1.0,3.16228,
and10.0.
‘1’ypicalresponsegainsfora relativeshellthicbessof 0.1(of
over-allradius)areoftheorderof4.5;thesegainsarenotgenerally ‘
manifesteduntiltheresponseofthelsminatedcylinderdropsbelowthe
0.01level.Gainsforthe0.25shellthicknesssituationaremarkedly
lower;responseiscriticallydependentonsheKlthickness.lhgeneral,
significantimprovementinresponseisaffectedby a changefroma shell
relativethicknessof 0.1to 0.05.
DependencyofJx@nated-cylinderresponseupontheratioof shell
thermslconductivityo cue thermslconductivityisstrongbutnot
critical.Whilethel~ger gainsarenotachieveduntilconductivity
ratiosoftheorderof15 arereached,theimprovementbeyondthatratio
issignificantbutnotsubstantial.Ingeneral,a conductivityratioof
atleast20wiJlensuregainsoftheorderofthosecitedabove.
Theresponsesof0.0004-,0.002-,andO.010-inch-diameterhomogeneous
andlaminatedwiresofplatinumand/orfusedqusrtzexposedto a typical
airstresmareconsideredinsomedetail.
Itisconcludedthatwhileconventionalmplifyingequipmentby no
means=hauststheintelJ-igence-conveyingcapabilitiesofordinarywires
(particularlythoseoflessthanO.0004-inchdiameter),theuseoflsmi-
natedstructuresshouldmakepossible670,000cpsresponseat’tiesizes
oftheorderof0.002inchand10,000cpsresponseatwiresizesofthe
orderof 0.01inch.Ihparticular,esponsesofthesewiresatthe
respectivem ntionedfrequenciesareabout0.001,whichis,roughly,the
limitof compensabler sponse.
h gen=al,itisconcltiedthatde~elmmentofl~ted st~c~es
characterizedby verythinrelativeshellthiclmessesandmoderately
largeratiosof shellthermslconductivityo coreconductivitywiU
improvethefrequency-responsecapabilitiesofhot-wireanemometersand
exposed-wiresistancethermomet=sandthermocouplesby aboutanorder
ofmagnitude.
.
Finally,a simple,approximateheow ofthel-ted st~c~e fi
givenwhichassumesthattheshelltemperatureiEuniform,andtheexact
theoryoftheholluwshellwhichthelaminatedstructurecloselyapproaches
athighfrequenciesi given.
LewisFlightPropulsionkboratory
NationalAdvisoryCommitteeforAeronautics
Cleveland,Ohio,lky25,1955
—
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~*
‘j
Bi
berp,
beb
c
Cj,D~,
E~,$
%?
‘%
F1
FR
Fo
Fol
F02
APPENDIXA
SYMEOLS
followingsyuibolsareusedinthisreport:
%2
[)
~ ; whenassumptionismadethat pl~,l= P2~,2~
1
()
%2 kl
q
‘5
thermaldiffusivityof cylindermaterial(4*. hasspecial
L)G
meanimgkl/P2~,2)
~thcoefficientof se~esofeq.(4)
Biotnunber,I#k (note:k inthiscasemustbe conductivity
of cylindermaterial)
Bessel-Klvinfunctionsoforderp definedbyrelation
Jp(xi372)s be~(x)+ i beip(x)(Note:Thenotation
berp,a s berp(ra),etc.,isoccasionallyused)
initiallyundeterminedcomplexconstant,seeappendixB
dimensionlessconstants,seeeq.(C12)
specificheatat constantpressure
temperaturecoefficientofresistivity
imaginsrypartof esselfunctionof secondkindof zeroorder
?ofsrgumentxi32
realpartofBesselfunctionof se~ti~ ofzeroorderof
argumentXisfz
number,a*/mr~
(noteF01,2 hasspecialmeaninga~j2/&)
.
-— —.. .—. ——
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co
m)
N
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Fo*
f~
‘R
h*
%
‘P
Im
i
‘P
Ja
Jal
J%
Ja*
k
kero,
keio
z
‘a .
‘b
2*
z:
2:
‘s
413514
2d?o;equivalentto ato/R2ofGr6ber’snotation
3/2);equivalentto beioima@naryPartof Jo(xi inthis
report
3/2);equivalentto her.realpartof JO(A in thisreport
ratioofheat-transferco&fficient~ tothermalconductivity
kl or k2
heat-transfercoefficient
Jp(xi)
realcoefficientof i inimaginarypsrtof
function
~1 “
Besselfunctionof orderp offirstkind
Jakobnuniber,h.f/(&p~)1/2
%?/@%pl%,1)‘-/2
%/@2P2%,2)1/2
—
particularcomplex
.,
~2z Ja;equivalentto h~at. ofGroberIsnotation
thermalconductivity
-(fi/2)(yer0+be~) and(fi/2)(bero- yeio),respectively
alr
alra
%lra
ur2
%!ra
%rb
jthrootof Jo(mj)= O
-—. — —.— .— . .
$
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.
N% Nusseltnumber,2rbhf/kf
P numberwhoserealpartispositiveandgreatenoughto ensure
convergenceofa transformintegral(seeappendixB)
~
p/a* where p isusedin senseof appendixB
R realpartofparticularcomplexfunction
r N’radialcoordinate E
s constant(instatementofInversionTheoremofLaplaceTransfor-
mation)whichreplacesp in appendixB
T temperature
t variablepsrtoftemperature
x,x* arbitraryvariables .
‘P Besselfunctionoforderp of secondkind;seea~endtiC
wrp~
realandimaginaryparts,respectively,of Yp(xi3/2)ye$
z arbitrarycomplexindependentvariable;(seeappendixG for
specialmeaning)
a K*
T Euler’sconstant,0.5772. . .
& phaseangle
.
——
INco
N
IN
.
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‘ext,1
%xt,2
‘ext,2,a-b
%t
‘tit,1
lint,2
%
@~
Q
+
varyingpartoflocalinstantaneous
half-amplitudeofvaryingpsrtof
inst~t~eo~ tempera~e,t/te,M
time
43
temperaturelativeto
effectiveenvironmental
constsntdefinedby eq.(6)buttakenas0.11.1inthisreport
attenuation,db
l/2(1-p2)/2F01,2 .
density
timeconstsnt
-1 & thefinalperiodrequiredfcucylind=to attainl-e
chauzeoftemeratmewhentheenvironmentaltemperature
is s-tidenl.yc&ged; identicalwithconventionaltimecon-
stsmtofthermocouple
hot-wireanemometer
pyrometry;seeeq.(3)forcaseof
‘wbp2cp,2)/2hf
periodforsrea-aversgedcy-er temperatureto changeby
l-e-l ofthefi~ ch~ge when s~~e temperatureis
suddenlyaltered
beio+ Ja‘1bei~
her.+ Ja‘1ber~
phasesh~t (lag)
initiallyundetermined
fyingBesseleq.for
functionofradialcoordinate
regionindicatedby stiscript
i3atis-
.—. —...— .. z. ___ ._. —- — — ———. —.. . .. ——— —
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(D angularfrequency,2Ytimesfrequency
subscripts:
a
av
ax
a-b
b
c
e
f
I
i
int
s
M
P
R
s
w
o
1
2
interface
t=poralmean
axial
regionincluded
outersurface
betweeninterfaceandoutersurface
NACATN3514
in-phasecomponent
effective
exbernal
film;see,however,symbolsh*and~
imaginarypart‘or,tith @, realfunctionof beio and bei~
srbitraryinteger
internal
oneof a series
maxim
orderofBesselfunction
real.p@ or,with @j realfunctionOf hero ad ber~
out-of-phasecomponent
wire
initial
oxide
metal
NACATN3514
superscripts:
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N
U3
N)
n)
*
.
1
Bi
Fo
Ja
arb
UY-C* =
‘Tint=
UYCeti
—=
‘lint
Fo* =
Ja* =
meanwithrespectoradius
definedonlyas combinedwithsymbol
La.placetransfom
differentiationwithrespect
CYLINDERm-mm
o ax
NONDIMENSIONALMODUIZ
Fe-o‘5 = BiJa-l=
U.mr:pc
& = ~@2 = k Unit’g
‘~
= 2xBiLDT
1 4.50450+
21Bi= Bi
2fiFo
F@ Ja
..—----- .. ..— — ——— .—. — ———. .
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APPENDIXB
HOMOGENEOUS-CYIZNDERRELATIONS
AlthoughGr6ber(ref.10)obtainedthecorrectrelationsforthe
localtemperatureina homogeneouscyMnder,thevalidityofhisderiva-
tionisatleastopento question.Thederivationgiveninreference4
(CarslawandJaeger,p. 276)isthereforepresented;thissolutionis N
givenhereinina moreexplicitformthaninreference4. Thesinusoidal N
temperature“drive”withphaseadvancee ofthatreferenceisretained. R
Theequationofheatflowmaybefitten:
WhentheLa@acetransformationsapplied,theresultofwhichwill ~
be indicatedbya tilde(--)overa symbol,theeq~tionbecomesthefol-
lowingiftheinitialtemperatureis everywherez ro:
where q2Sp/a*,andit isunderstoodthat p is a nuniberwhose
partispositivesndgreatenoughtomakethetransformintegrsls
convergent.
Theboundaryconditionbecomes
(“ )
~ + h*~~r *=ht
b e
(B2)
real
(B3)
Now,ii.ft=”=te,Msin(me+ e),asisassumedby CsrslawandJaeger,
then
%e=tejM ( )Ucose+ptanspz +02 (M)
whichis easilyobtainablefromtheelementarytransformsforsinesand
cosines,orfroma table.
Sincea solutionof equation (B2)is
%= C~(qr) (B5) “
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where C issnundeterminedconstantand ~ isthesolutionofthe
zeroorderofthefirstkindofthemodifiedBesselequation,thefollow-
- w be obt~nedfromeq~tions(B3),(E@, a (I@:
h*te~
(
mcos6+Psine
c = tq~(qrb)+ h~O(qrb)] pz i-02 )
(Usewasmadeofthefactthat d~/dr= CqI1(qr).
Itfollowsthatequations(B5)and(B6)that
h*teM~(qr)
%=[qI,(Wb;+h*~(Wb)l(“‘Os;:~sm‘)
(B6)
(B7)
TheInversionTheoremoftheLaplaceTransformationstatesthat
f-’y-+i-
where s,ingeneralcomplex,herereplacesp inqand TiSan
arbitraryConst=tj q (now)isequslto @.
Theevaluationofthisintegralintermsoftheresiduesof es%(s),
insofarasthenontransienttermsofthesolutionareconcerned,is very
simple.Thetwozerosofthedenominatoratwhichthenontransient
residuesmustbe evaluateiare Sl= h “andS2= -ire,sothat
S2+ m2= O. Ifthetheoremisusedthdta residueKt equalsthequo-
tient(atthepole j)of a nonzeronumerator
thevsd.ueofthederivative(here,2s)ofthe
then,if
‘1 istheresiduecorrespondingto
obtained:
of a co~lexfractionand
Cienominator(here,s2+02),
Sl,thefollowingis
or
(B-8)
—.—— -.
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Thesteady-stateportionofthesolutionisthengivenby
(B9)
“
where~ istheconjugateof K1 andis theresidueatthepole S2.
Theequivalents
F
03a= 7’
Ja-l=~= ~ (Bll)
~(mil/2) = bero(ar)
I@il/2 )=
=
=
+ i be~(ar)=
3/2)i-lJ@ri
Jo(axi3/2~ (B12)
.
.?
-i[berl(ar)+ ibeil(ar)l
beil(ar)- iberl(~) (B13)
srenotedinwhichIj isthesolutionofjthorderofthefirstkindof
themodifiedBesselequation.
Equation(B9)thenbecomes,putting3S ar and lb= ~b,
{
bero(~) + ibeio(Z) ei(d + e)
‘e&M= 2i[51/2Ja-l eil(lb)+berl(Zb + bero(Zb)+ ibeio(Zb)] }
+ conjugateof {} (B14)
b theconjugateoftheexpression{), theexpressions
hero(3)- ibe~(Z) and beil(Z)+ iberl(lappear.Theyare,respec-
tively,equivalentto ~(Zi3/2)and Il(3i3/2).
Aftera numberofelementaryoperations,
~er~(3)+bei~(Z)]l/2
7 [
-1
=
*R+ *J12
sinUi3+&-tsJl
(
inwhichthesubscript‘%”in @R ~ and .
> % Y
equation(B14)reducesto
@lbero(l)-@R beio(~)
‘R hero(l)+ q beio(2)1
(B15)
~ isunderstood.
7
—— —— —.— -.— — —
—— -.
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Thisexpressionis equivalentto equation(9)ofthe
be apparentwhenitisrecalledthatthetemperature
49
maintext;thiswill.
driveassumedinthe
Themeanvalueof q (i.e.,@ on anarea-weightedbasisisdesired.
Thisisobtainedby evaluatingthefollowingexpression(obtainedfrom
equation(B15):
[ 41 berO(3)- }
‘R be~(2)]SiRme &
Useismadeofthefol.lowing:
sY xberoxdx=ybei~Yo
(’Y
Jxbei xdx=o -yber~yo
Equation(B16)ml thelatterleadto
Furthermanipulationfthisexpression
relation
.
(B16)
Notethat(her:x + bei~x)= (ber~2+ bei&2).
leadstothedesired
@Rber~(lb)+@R bei&(Zb)
~Rbei~(lb)- @lber~(ZbJ
Tbisexpressionis identicalwi.theqy&ion(15)inthetext.
(B17)
—--—.--—------- ..—- .— . . .— .——— — ——— . . —
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APPmIx c
LAMmAmD-CYLINDERTHEORY
Itispossibleto usetheLaplaceTransformapproachinthiscase,
butsincethetransienttermswerenotdesired,itwasfeltthatany
gainin concisenesswouldbe morethanoffsetby thelossindirectness
ofthephysicd approach,thatis,theinabilityoftheuserafthe N
resultsto compsreintermediatestepsofthederivationwithpreviously N2
obtainedresultsandderivations.Further,thederivationofthesteady-
statesolutionprovestobe a relativelysimpleandstraightforward
evenwhentheclassicaltechniqueis employed.
Theheat-flowequations
at2 (a%2 )~at2&r=%’ T+ FF
applyinthecoresmdshellregions,respectively.
Thefollowingaretheboundaryconditions:
()at2-aF-~ s h*(t2,b- ‘e)
(tl)a = (~)a
matter
(cl)
.
(C2)
(C3)
(C4)
(C5)
E te is now assumedequaltO te,MCOs~, tl - ~ tillbe
representedby therealpartsof thesolutions(withundeterminedcomplex
coefficients)
be (cljl*ljl+ %,2 @tl=e
t2=e m @2,1 ~2,1+ %,2 *2,2)
(C6)
(C7)
—.. ._. —.-— —. ————
—.-
.1,
NJ,CO
IN
C-a
.
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,
where ~i,l isthecomplexsolutionofthezeroorderifthefirstkind
ofthemodifiedBessel’sequation
d2$i 1 d~i- ~2
——
~+rdr ~ ~l=o (C8)
fortheith’regi.on~~ 4i,2 isthesolutionofzeroorderofthesecond
kind
some
ofthessmeequation.-
Onlythereductionof ~ toitsfinalformwillbefollowedin
detail,sincethestepsrequiredfor tl willthenbe obvious.
inwhich
Therealpsrtof ~ isgivenby theexpression
t2=+({etie~,,l~ero(l+)+ ibeio(lh~+C2,2~R(?*)+ W,(l*J]}+
conjugateof
{})
(C9)
*-%r
bero(l*)+ ibei(~*)= 42,1= JO\J*i3/2)“
and
FR(ZT + “iF1(%*)= *2 zt
umallytakenas kero(l*)+ ikeio(3*)inthiswork. Notethatifthe
definitiongiveninreference13of he functionofthesecondkind
Y(Yp(z))is adopted,thenif z ~ xi32,thatis, <
3/2)= yerO(x)+ iye~(x),thefollowlngaretrue:Yo(xi
l
kerox=
kei@ =
Thereference13definitionof
— . -– . ... ——--—- —. ——-- .- ———- ——
.— __— .. .._ ___ -.___ .. ___ __<_ ._
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.
+p~[l+++...++++
1
1}
l+;+ . ..+L—p+j-l+p+j
N
(Clo) zN
whereT (Eulerfsnumber)= O.5772X57 l l “ .
‘I’heexpressionC2,1,R+ “2,1,1 isnowsubstitutedforthecomplex -
g“~tity C2,1jC2,2,R+ iC2,2,1for C2,2,~d COS@ + i Sillme fOr
etie inequation(C9). Theexpressionto whichequation(C9)reduces .
whentheseSubstitutionsaremadeandthetermsofthe“Conjugate”sre
explicitlyintroducedis
% = [%,l,RberO(3*) 1- %,l,Ibe%(~*)+ C2,2,RFR(3*)- C2)2,1F1(Z*)COS@-
[
bero(3*)+ C2~ Rbeio(g~+ C2z ~R(Z~ + CC2,1,1 >> >2 2,2,R%(%*)]‘ti~(Cll)
Thenewdimensionlessconstants
sxe
The
nowintroduced,aswellas
localrelativetemperature
= “2,2,1/te,M
(Cu)
theequivalencesfR= her. snd fl= beio.
V2= ‘2/te,Mthm becomes
a
Nco
Nlx)
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Thisrelationisformallyidenticaltotherelationobtainedasthesolu-
tionofanelectricalprobleminreference18.
Similsrly,therelativetemp=aturetitl@thecoreisfoundtobe
VI= [ 1 [ qf1(2)]Sinue (C14)C~fR(3)+D~fl(Z) cos~ + D;fR(3)-
inwhich C: and D! areadditional.real,unietennined,dimensionless
constantsand 3 = air.
TheconstantsC~jC;, . . .,G; arethendeterminedlyusing
equations(C3),(C4),(C5),(C13),and(C14)to obtaina setof six
simultaneouslinearalgebraicequations.Thesetofequationsisthe
following,notingthat
and,forexample,
or
,.
“
_..._ ____ .._ _____
—-. ..—— . .
-.-————————— ----—. — - . .—_ ____
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.
(c15)
Formally,thissetof equationsrepresentedthesolutionof the
problem.Inpracticethesetwasmodifiedforcomputational.purposesby
thee~ation of G!;thefifthof equations(C5)wasusedforthat
purpose.Thevsluesofthefunctionsfj and Fj,etc.,wereobtained
eitherfromtabulatedvalues(forarguments1O),by useofthenormal
series(forargumentsrangingfrom1 to 33),orby theuseofthe
asymptoticseries(forsrgumentsrangingfrom7.to 85).
Theresultingsetoffivesimultaneousequationswassolvedfor
Cy, . . .,% in eachnumericalca6e;a specialprogrsmdeckusingthe
CroutreductiontechniquewasusedforthispurposewiththeCsrd-
FrogramnedCalculatoroftheLewisldoratory.Theresultingvaluesof
theconstantswerefoundto satisfythesetofequationstobetterthan
sevensignificantfiguresineachcase.Calculationfonesetof con-
stantsrequiredaboutthreeminutes.
= practicalwork,theinstantaneousmesmshelltemperatureand
relativephasesremuchmoreusefulthsna l.mowledgeofthevariationof
localrelativetemperature.An averaghgprocesswasaccordinglycsrried .
outasfollowsinthessmemannerasforthehomogeneouscyldnder(appen-
ti B): In equation(c13),~2,c and q2,S sredefinedasthebracketed
expressionsmultiplyingcos@ W sinuV3,respectively.Thus
—---- —.
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NJ
u)
N
112~ = c;fR(3*)-I-@R(Z*)+D;f1(3*)+ #~1(2*)
>
(C16)
and
Notethattheserelationsare
relationsofreference18.
~FR(2*)- ~fl(Z*)-G~1(3*) (C17)
formallyidenticalwithcertainofthe
Then,averagingmaybe carriedoutas indicatedinthefollowing
expression:
2
J
%2% ‘
(n2,cT2=2r2. r2) Cos‘8‘*\)s sinu@)(a2r)d(m2r)
a2(b a %2Ta (C18)
H, now,thein-phaseandout-of-phasecomponentsofinstantaneous
meanrelativeshelltemperaturearedesignated12,c .- 12,sYrespec-
tively,equation(C18)becomes
inwhich,noting
(C19)
(C20)
Themeanrelativetemperatureofthecoreisslsogivenasa matter
of completeness,althoughishasnorelevanceinthepresentwork:
.. ..—.. — .—.——— -——- — ——.- -—--——-—- --- — -—-- --—- -————————--—.
.
.}.. {
Zfi(za)+ C:f;(zagz1/2Cos d - tan
-1
.
(C21)
.
.
.
,..-
.
,—
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THEORYOFTHERMALRESPONSE
ANDOFTHICKSHELL
APPENDIXD
OFCOMBINATIONF
HAVINGINFINITELY
COREOFFINITECONDUCTIVITY
GREATCONDUCTIV13’X
Theapproximater lationsderivedinthisappendixwerecheckedby
N makinga fewcslculat’ionsa dcomparingtheseresultswiththoseoftheWN exacttheory.ThetwosetsofresultsagreedgenerallytotwoorthreeN. unitsatthethirdsignificantfigure.
Thefollowingmaybe writtenimmediately:
Yf(rg-
where t~,the
sndphaseover
metalshelltemperatzme,isassumedconstantinamplitude
theshellcrosssection.
The followhgmayslsobewritten:
.. ~ = te,~Cosme
*2 = t2,MCOS~@6’- Q2)
tl = t~,MCos(ae- Ql)
Inequations(D3]ma (D4), t2,M and Q2 me tidepetient
radialcoordinate,wheresstl,M and 91 arefunctio~ofthe
coordinate.
Fromequations(D2),(D3),and(D4)areobtained:
ne+
eYM
‘tZ
‘2,M
72=— —
‘e,M= te,M
COS((D6’-
(D2)
(D3)
(D4)
ofthe
radial
(D5)
(D6)
.- . .. -—.
—.—— _ _ ._c— ——-—--—— —---—
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.
and
‘2,M
72,M= ~
e,M
where
Further,we canwrite
sothat,finslly,
(D7)
(D8)
.
.
(D9)
(D1O)
Notethat ~I,M and ~ arethesmplitudesndphaselagsnglesof
withrespecto q2.
When P s
‘a/rb andequations~D5)to (D1O)areused,equation(Dl)
be transformedintoa nondimension@relation:
22
rb - ra a-t2
()
atl
2 ‘2%,2~ = %%(te - ‘2)- ‘akl~ (Dla)
‘a
. .- —.—.—-
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Nco
Nco
‘@%p2cp,2
where
gh’h.
We maynowwrite
where
and
lb
‘a”2=d=ik2
andsoobtain
9 “(”e-‘2)=1,2
(Dlc)
(Did)
(Dll)
(D12)
Centinuedonnextpage.
..- —— _.. .—. . —.———— —— —.- ..._ ... . . —.— ——. .--— . .
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Now
andstice
r%cp,1Fe;,z~~ = p2cp,2
thefo~owingisfinsllyobtained:
Now,ithasleenshownby CarslawandJaeger,pages
example,thatthesteady-stater sponseof a homogeneous
thiscase,core)to a cosinusoidalsurfacetemperaturedriveisgivenby
‘a
(Dlf)
273to 274,for
cylinder(in
rber~(Z)+ bei~(Z)‘1= ‘2,M ber~(Za)+ bei~(la)L —
(befo(la) bero(2) - bero(Za)hero(2))
(bero(la)hero(Z)+ befo(2a)beio(%))I
(D13)
s ~ra; thisequationshouldbe comparedwith
expressionsfor W1,M and fi aresou@to
inwhich 3 s ~r and Za
equation(D1O)H explicit
Forconvenience,wewritehereinafterher.s %ero(l) and
berO,a ~ bero(Za)l (Eq.(D13)issJ-soeasilydeduciblefromthemore
N
Cu(n
N
“
.
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generslexpressioninvolvingtheheat-transfercoefficientby permitting
~ tobecomeinfinitelyarge.) Notethatthe“drive”isinthisin-
stance72,Mcos(me-Q2).
Dtiferentiationoftheaboveexpressionismerelytedious;there-
sultis:
avl
— =~2,Mb(yr)
[
Cos L@ -92 - t8n-1
Thevalueofthederivative
and
( )ber~2+ bei~2 1/2\ 2 2berO,a + beiO,a
(beio,aber~- bero,abei~)-
(bero,abei~+ beio,abei~)
at ra isthen,obviously:
[
cosme-9-2
~m-l
Notethat
Wewritenow
(beioa ber~,a- bero,a be~,a)1(bero,a~+beio,abei~,
(D15a)
..
$ (berl+ beil)
[1%b(~r) = V2,MAo,aCos(me- Q2- ‘(),a)m
‘a
(D14)
(D15b)
9
-. .-. . —-. — ___ ——— __ _. __ —— ——-.—. _—.
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where,by comparisonwith
‘O,a wilJ%ecomeclesr.
NJdATN 3514
.
equation(D15a), thedenotationsof
‘O,a and
.
Notethatthedenotationof To,a,usedonly
inthisappendix,isnotrelatedinanywaytothedenotationf r or
r* asusedthroughoutthebslanceofthisrepo@.
From(Dlf)and(D15b)thefollowingmaybe obtahed:
72,M(1- p2)Sin(oe - Q2) (1--qPI ,1 1 N= 13— T2,~~,a Cos(ue- ‘2- ‘O,a) -;.1/2 p2~,2 E
1,2
or,if’wewrite
‘3,2 [
Cos(oe)- 1V2,MCos(me-‘2)
SJld
rPlcpj1P*= P p2~,2
then
Whentheparentheticalexpressionsofequation(D16b)
E Ein(ae)CosQ2 - E cos(@)s~Q2
areexpanded
Cos(me}-i-
@*
Ja.
= B*Ao,a(cos Q2Cosro,a- sin f4’2Sh ro,a)
~a(shqz Cos ‘(),a+cOsQ2 ‘m ‘O, a) ‘ti(mo)-
9
-1
(D16a) .
.
(D16b)
.
.
—.
————.
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Thelastexpressionisequivalenttothetwoequations
Q2 COSrO,a + COSQ~Sh r~,a)+ Ja1,2Sh Q2
~. p“ AO a cc)srO~ tan92+ ~“AO,a sin rO,a + J~,2 tan92) >
(D17)
and
or
-1
J~,2(cosQ2 - q2,M)
Ja1,2+ Ja1,2
Fromequation(D17)
Q2 =
~- f)*AoasiIlro,atin-l
‘5,2 +p*%)aCos‘O,a
(D19a)
(D19b)
whilefromequation(D18)
‘5,2 ~;:ilsec92= (E-~“Ao,aS~ ro,a)t~ Q2+J~,2 +9”‘O,a cO’ro,a
.—. .. . .. —. ——_— —
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(D20a)
or
n2,M=
N
N
Cn(v
(D20b)
Notethat ~ ad q2,M srefunctionsofthefourparametersFoI,2)
p2cp,2
Jal,2>~> ad . Thenuniberofparametersisinaccordancewith
Plcp,l
thefactthata generaltwo-materiallmninated-cyltid.ersnslysisrequires
a spectiicationffiveindependentparameters;by specifyingk2 (here
takenequslto infinity)wehavereducedthenuMbertofourandgreatly
p2cp,2
stiplifiedtheanalysis.H isfwtherlimitedtothevalue
Plcp,l
unity,itisnecesssryto consideronlythreeparameters,ofwhich j3
musttakeonoxiLytwoorthreevaluesfordesi~purposes.Thus, only
%,2 and Jai,z needtakeonextensiverangesofvalues.
--
Explicitexpressionsfor Ao,a sinI’o,a and Ao,a cosro,a are
obtatiedasfollows:
Ehce
..>
—
Nco
INN
NACATN 3514
and
rO,a= tin-l
beio,a ber~,a - berOa bei~,a
berO,aberh,a + beiO,abeib,a
Then
‘oja‘h ‘oja=(’::’::?.
65
beioaler~ a - her.abei~,a
[
2 lf2
bei~,a)2+ (beio,aber~,a-bero,abei~,a)](bero,aber~,a+beio,a
beiO,a her;,a - berO,abeib,a
= 2
ber~,a+beio,a
AO,a rO,a
her.~ber~,,a+heio,abeib,a
.
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CARD-PROGRAMMiDc LcmAToR
USEDFORREDUCTIONOF
APPENOIXE
OPERATIONSAND~IONS AMONGEQUATIONS
CPClZW!EGRATIONSA DANALYTICALSOLUTION
NumericalIntegrations
Theexactanalyticalsolutionofthelaminated-cylinderproblemwas
NN
giveninappendixC. Itwasshownthere(eqs.(C6)and(C7)) that E
where
(El)
.
(C8) .
fortheithregion,snd vi ~ and vi z areanytwoindependentsolu-
> 9 ,
tionsofthezeroorderintheithregion.Equation(El)isbasedupon
‘; if te = te,MCOS~e isassumed,a temperature“drive”te = te,Me
thenonlythereal
thatis,aretobe
me notation
‘i = Reslpartof
..
p@S Of tl and t2 areofphysicslsignificance,
associatedtith te,Mcosd.
(Ci,l~i,l+ ci,2*i,2) ) {mol
isnowemployed.(AISO,2i= air isused.) Itfollowethatequation
(C8)maybe written(since$i maybe replacedby anylinearcombina-
tionof tidependentsolutions)asfollows:
d2(Ri+ i ~) ~ d(Ri+ i ~)
+— +i(Ri+ibi) =() (E3)
dz: 3i at
Equation(E3)is,.ofcourse,equivalentto thepairofequations:
—
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(E4)
d2~ I %
~~: ——-Ri=O+ Zi a2f J
Basics31y,theIBMprocedurefollowedwasthatofnumericalinteg-
rationofthesesinniltsneousequationsoutwardfromthecenterofthe
coretotheoutersurface,thechangeinmaterial
takenintoaccountinthefollowingway:
Theboundaryconditionsattheinterf~aare
C (eqs.(C4)snd(C5)). l%omthoseeqUatiOnsj+it
of R at ra intheoxideequalsthe R a% ra
similarlyfor Im. Further,itfollowsthat‘
attheinterfacebeing
asstatedinappendix
followsthatthevalue
inthemetal,end
andsimilarlyforthespacederivativesof Iin.SinceRt isunderstood
throughoutthisstudytobe dR/d(’c@r)j thefolbwf.ngmaybewritten:
%
% %’,a= %.~Ri,a
It followsthat .
lhotherwords,thestartingvsluesR~ and ~
interfacemustbe multipliedby thereciprocalof
utigtheintegrationthroughtheshell.
Inpractide,a substantialsavingoftimewas
.
intheoxideatthe
k2/~ beforecontin-
achievedby avoiding
integration.’ftheequations(E4)betweencentersndinterface;thiswas
‘accomplished<by computing(ontheCPC)allvaluesof bero~beio>ber~~
and bei~ at Za= ~ra andusingthesevalues(modifiedas indicated)
— -c ——. -—— —— -
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asstart- vsluesoftheintegrationfrominterfaceto surface.Inthe
caseofsmall-argument(Za~ 10)values,thefunctionsaregiveninsev-
.
erslreferencesatsmsU intervslsandto a largenumberofdecimal
places,sothatvsluesinterpolatedamongtabulatedvaluesareavailable
attheinterface~ ‘Nevertheless,itwasfoundmoreconvenientto compute
small-argumentvaluesaswellasl~ge-argumentvalues;additionalde-
tailsaregivenherein.
It istobe notedthat W1.2 isidenticallyzero,sinceonlythe
.
312
solution(JO(~ri ))o;thefirst~$:~y be ~ed h region1
((dw/dr)ti= 0)l Thisistantamtiuit’to’pu~tingkeror = keior = O
forW r ~ ra. However,*2,2 is ingeneralnotequalto zero.When
thesurfaceisreached,theproblembecomesthatofmatchingthesolution
slreadyobtainedtotheassumedsurfaceconditionsineffect,determining “
Cl,l’C1,2’C2,1’‘d C2,2 = b a=enti c“ ‘e ‘tam ‘e givenh
thesecondpartofthisappendix. .
Thenumericalintegrations(fromthetiterfaceoutwardthroughthe
shell)wereperformedby extrapolateingsuccessivevaluesofthethird
derivativesof R and 13n.Thevariableof integrationremained21~ Z;
equations(E4)accordinglybecame,explicitly,withintheshell,thefol-
lowing(thesubscript2 on R snd M isomitted):
&.f. Ag+m. o
d32 Z dl
“1
(Es)
d2Zn+ldln
–—-AR=O
~ Z dl
.
Fromthefirstoftheserelations,theexpression
RI!: =-
.( ):R’’+A+$fi (E6)
isobttied by differentiation;theprj.meconventionforclifferentiation
.
hasherebeenadopted.!
i
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Thesubscriptj wiU nowbe usedto identifyvaluesatthejfi
pointofthenumericalintegration;thembscri~ @. identifiesvalues
ata pointhklf
Itfollmws
cow
to
waybetweenj
that
ani”j+l.
(E7)
ii
whereA denotesthechangebetweenj and j+l. Hwever~ittim
that
; ~: .*+ R31t (E8)
Itfollowsfromequations(E6),(E7),and(E8)that
(339)
Similarly, thefollowingistrue:
(E2.o)
..? ...4
A specislsetof”fixed-decimal-pointw ringboardswasusedfor
these(andothersimilar)calculations.me valuesof R =.~ero(l]raj
~ = ~eio(z]~a,t,i~’= [berO(Z)]ra~“ = FeiO(Zl~a~‘a= %Lra,‘d
A = (%/%12 = (k2/%)-1(forthesecalculations,since pl~,l was
assumedequalto P2CP,z)wereenteredintostorageunits.“~ and ~
werethencomputed(eqs.(ES)). Equations(E9)and(lZLO)werethenused
to computeR: + ~ AZ sad ~ + + A2. AR’/2= (R;+(Az/2))AZ/2 and
‘i+(AZ/2)= R~+ AR’/2 werecomputedin
wereusedfor ~’ l ‘,
Thefunctionvaluesthemselveswere
. thefirsthdlf-intervalby usingAR/2=
Ra+ AR/2 sndcorresponding%+(Aa/2)=
turn;correspondingrelations
thenestimatedatthecenterof
(R~+(AZ/2))@2 and
expressionsfor h.
.
—.. — — .-— .— —— —— ..— —
70 NACATN 3514
.
Afterthefirsthalf-intervalwasreached,theprocedurewasmodi-
fiedslightly.Ifthevalueofthesynbolpreciselyattheendof a
givenintervalisdenotedby thesyuibolwithouta subscript,hatatthe .
endof a half-titervalby thesynibolwitha “+”asa subscript,hatat
theendoftheprecedinghdf-titervalhy thesymibolwitha “-“x a sub-
script,andsoforth,thenthefollowingindicatethearithmeticopera-
tionsperformedafterthe“a+”calculationswerecompleted.Note thata
“H” indicatesevaluationattheendofa full-interval.
AR’/2= (R:)~
R: = R: + (M’/2)-+ @’/2)+
@2 = (R~):
R+ = R- + (@2)+ + (~/2)_
R~ = R~ + AR:/2
R+ = R++ AR~2
Aim’Correspondingrelationswereusedfor ~, h$, and.soforth.
Iuaddition,thefollcndngrelationswereused:
(+
R~=- ~R~ + Alll*
)
(++ )
m&=- +h& -AR+
Finslly,equations(ES)snd(EIO)wereusedto computeseconderivatives
attheha3f-interval.
Theseriesusedforcomputationsofmostofthestartingvslueswere
thefollowing:
R(2)= hero(?)=
Centinuedonnextp~e.
———
—.——
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.
= [({[s-’l*+’}M-’)* ] ...
(En)
z (-1)S(2/2)4S+2
Ire(2)= beiO(Z)= j=o
@)j 2
R’(2)=ber&(Z)=-
[(2j)Q“2 .
(E12)
(El’)
~ (-l)J(2j+l)(3/2)4j+~
Ire’(Z)=beio(Z)=~
[(2j+l)q2
o~(z/2)4‘; (41@402.39)
-~*+$*{$*+j””” .
(R4)
Truncationerrorswereheldtolessthanthree-unitsattheeighth
signtiicantfigureby usingmorethan Z~2 termsineachcase~ Specif-
ictiy,20termswereusedfor 1.5918~ la~ 25.318,and40termsfor
b 25.318CZa. Itwaslaterdeterminedthattheprocedurehadbeenanun-
necessarilyconservativeoneinsofarastruncationeirorswereconcerned.
Round-offerrors,however,reducedaccuracyat
suchsmextenthatforargumentsgreaterthan
usetheweld-hewnasymptoticseriesforthese
thehigherargumentsto
45 itbecsmenecessaryto
functions.
—.——. ..
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Intale XIIIthecalculatedvaluesof Ra=bero(Za),~=beio(za)~
R& = %er~(Za),snd ~ = bei~(%a)srelistedascalculatedforeachof .
the47 la vslues.Ire-argumentvslues(lessthan10)checkedagainst
existingtcblesagreedtiththemto 8 figures.Thisorderof accuracy,
however,wasnotmaintainedthroughoutj hefunctionvaluesarebelieved
correct“to6 figuresormoreinallcases.Theaccuracyoftheintegra-
tionswasenhancedby maintatitiga nonzeroinitialdigitinthedso-
lutelylsrgestnmiberpresentat a givenstep.‘Thiswasaccomplishedby
usinga rightor leftshiftof ellnurcbers%ei.ngcarried,asrequired. N
%
Twoorthreeclifferentstepsizeswereusedforcertainlarge-
argumentcases,bothforcheckpurposesndh aneffortoreducetotal
CPC!the. As anexample,integrationswereperformedfora particular
caseustngstsndsrdtitervals(Al)of0.16,0.32,and0.64. (Inthis
instsnce,theseresultswerelaterdiscardedbecausethestartingvalues .
hadbeenincorrectlycomputed.)
ThefollowingtableexhibitstheimportantresultsoftheIihzeein- .
tegrations(whichwere,however,executedintheorder0.64,0.32,end
O.16),ticludingthefirstdifferencesofthesuccessiveend-vsluesof
thefunctions.
.
nuniber
3
2
1
8tep
0.16
.32
.64
First A
FirstA
%
14,378,808
418
14,379,226
1796
14,381,022
% I%
-XL,893,2461,330,416
542 176
-11>893,7881,330,592
2122 694
-U,895,91O1,331,286
796,851
-184
796,667
-7?2
795>935
Twofactsareapparent:Theerrorsincreaseasthes@e ofthetiter-
val,andtheresidualerrorsofthe0.16runaresllmostcertahlysmsller
than1 5.L1105.~ addition,suchmultiplerunsservedasveryconvenient
checksonflnslresultswhentheothe~e supernumeraryrun(s)was
(were)carriedeitherto completionressentisXLyto completion.
Cases1 throyh21werecheckedforsmoothnessby visualinspection
ofthe R“ ~a ti entriesoftheoriginalCPC!list-. Additional
I@ula%ionandvisusl-bpectioncheckswereusedforcases22through
46. Case47wascheckedhy usingseveralstepsizes.Theresultsfor
cases48,49,and50wereobtainedsolelyby theuseoftheansl.yticsl
theorydeveloyedinappendixC. .
.
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Reductionof lirbegrationResults
Nr%IN
Calculationflocalandmeanshellamplitudesandphaseangles.-~
Thefollowingrelationswereusedinthereductionof @tegrationresults
to actualocalandmeanrelativetemperatureamplitudessndphaseshifts
withintheshellforcases1 to47;“floating”decimal-pointwiringand
operationswereused(ref.14):
Meanrelativeshelltemperatureaplitudeandphaseangle;deriva-
tivesat ra areevsluatedwithinthemetslbutwithrespecto
where
@ -1 %R,b= Ja2 q%+%
-1 %
%,b = J% q%
(E15)
(E16)
+%
meansmplitude,sndlocalLocal.(“point”)amplitdderelativeto
phasesngle(lag)relativetomeanphaseangle(lZ) are,‘respectively
(t2,M/te,M)= ‘2,M
(~2,M/te,M)~2,M1
()
2
a2 2b(1- ~2)[(~ - ~~)2 + (~ - ~~)2]1/2
‘F~
(E17)
.(R2~ =2,1/2
\
..-— ... —..—.—.—.— ....—
-——— —. .-—
.—— —.—— .——
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~+$-fJR&
tal(@2 - @ = %-%”$ (E18)
R ~-P~ -
—-
Im
~-$~
Thereareseveralwaysofderivingtheprecedhgequations.Fore~-
ample,theywereoriginallyo%tainedby assumingt2 = G$2expi (me+5 ),
wheretheundeterminedconstantsC =d b* areindependentofthevar- N
i~le ~r. Thisexpressionwaathenusedwiththesurfaceboundarycon- E
ditionto determineC and 5*.
Thisapproach,slthoughstraightforward,shedsno lightonthe
interrelationssmmg q2,C ~d R} ~2,S and Im,bero(~b)ad ~~ ~2,c -
~d Cl,l*1,1)sndsoforth.
A moreilluminatingderivationisnowgiven: .
!
Theheat-flowequationfortheshellregioniswrittenintheform
a2v2~ aT2 av2—+——-—=a3*2 2*a2* a(uq 0
Here,Z* = ~r 88usual.
Thesolution
V2= nz,cCos@ +
iSassumedfOr (te/te,M)= COS06.
Equations(El-9)
Equations(E21)
newthe-independent
and(E20)leadto
a2~2,s1 av2,s
——
a2*2 +Z*a2*
nz,sSfi q’
thefollowing
- 112,s = o
+ q2,c= o
(EM) :
(E20)
relations:
1(E21)
canbe ccmibinedintoa singlequationprovideda
complexfunction(of ~r) isdefined:
n;= T2,C - illz,s (E22)
. . .—
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When q; isused,equations(E21)becomethesinglequation
Thisrelationis,
75
(E23)
however,formallyIdenticalwith,forexample,
e nation(C8),whichisthemodifiedBessel’sequation.% Itfollowsthat
r12= w2, andthatappropriater alsolutionsof equations(E21)maybe
obtainedby properlycombiningrealpartsofconjugatesof solutionsof
thefirstandsecondkindsofthemodtiiedBessel’sequation;theminus
signinequation(E22)shouldbe noted.~ otherwords,if ~v2=fR+~1~
forexample,isoneofa pairof independentsolutionsofthemodified
Bessel’seqy.ation(asdenotedby thesubscripttotheleftof ~2),then
onesolutionofequation(E23)is C 1V2S 1~~= C(fR- MI)) time C
remainsarbitrsry.Anotherindependentsolutionis c 2$2= Zq;=
C(FR- ~1)= SincetheconstantC isarbitrary,additionalsolutions
maybe obtainedby notingthat i ~~2= ifR- fI,sndthattheconjugate
of i 1V2 is -f~- if~=
- (fI+ ifR), andsoforth.Inthismanner, .
itispossibleto arriveatthefollowingeneralsolutionofequations
(E21)
V2,C= C3R+ C41m
}
(E24)
~z,s= -C33n+C4R
where C3 d C4 arearbitrm undeterminedrealconstants.These
relationssatisfytheclifferentislequation,arelinearlyindependent,
automaticallysatisfytheinterfacislboundaryconditionsbecauseofthe
mannerinwhich R and Im werecomputed,andcanbe madeto satisfy
thesmfaceboundaryconditionsthroughselectionof C3 ad C4. They
thereforefulfillallrequirements.
Thesurfaceboundaryconditionisasgivenby equation(C3). This
mayby obviousmsnipuJ-ationsbe transformedinto
(E25)
.
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H, now,relations(E24)aresubstitutedintoequation(E25),
expressionin cosakland sinme isobtainedwhichyieldsthe
equations
3514
an
~3 &%_%+% ,C4%L -1(%’ )( )~J~ ~+~ -1=0
}
(E26) ~
(
C4 —
)(
;J$l~+~ -C4
)
:JE#~+~ =0 %Cu
(Note,again,thatderivativesaretakenwithrespecto 3 = ~r.) The
expressionsinparenthesis~, however,be recognizedas *R,b ad
@I,b“ Accordingly,equations(E26)maybe written
(23@R,b“+C4@~,b- 1 = O )
.C3 %,b -
Thesolutionofequations(E27)
C4@R,b= O 1
is
Itfollowsfromthelatterelationsandequations(E24)that
.
(E27)
(E28)
(E29)
———
—. —
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FinsllY,thefollowingrelationiSobtafiedby ti~ eq~~io~ (E20)ad
, (E29):--
v~= 112,MCos(oe- q
inwhich
‘R,b
&-*1 ~92 = ~m-l ~2,s_ tin-l
‘12,c *R,bR+l
‘I,b=
(E30)
!(E31)
Thefollowingobservationsmaynowbe made:
(1)Eqmtion(B15)(oreq.(9))ismerelya specialcaseof (E30),
since,inthecaseof a homogeneouscylinder,R = her. and
Im= beiO.
(2)h addition,thefollowingmaybe written:
}
C*f (2*)+G; FR(l*)+D; f1(2*)+E; F1(Z*)= C# +C43n
‘2,C= 2 R
(E32)
112,S= D; fR(Z*)+ E;TR(3*}- C;fl(%*)- G;F1(?*)= C4R- C3h
Itfollowst-t
(E33)
or
—
. ——.- ., —---- ——— —--- —.. . ~—---–———
——
—
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R = (@~,b+‘?,b) ~R,b c~+ ‘I,%D:)fR(2*)+
‘@R,b‘2+ ‘l,bE~)FR(2*)+
(%jb ‘~ - *I,bc~)fl(~) + (~jb ‘: - 1q~,b~~)‘1[~*)Y(E34)
[‘= (q~,b‘@;,b) &Ijb c; ‘@R,bD;)‘R(Z*)+
(@~,bd’p R,b%~ ‘R(Z*)+
d) F1(2*~
“ (~~,b‘; + ‘R,b&2)fl(Z*)+ (@I,b~ “R,b 2
1
Since,at 7?.a,~ = hero,~ = ‘R(za)= ‘R(~ra)~ ‘hese‘qWtiom *o
furnishrelationsamongRa,~, fR(@ j ~d sof‘rth“ ‘e ‘si-
gnificanceofrelations(E34)isthat,inactuality,therightsides
oftheserelationsareindependentof Ja.
(3)Becauseofthenatureofthederivation,equations(E31)are
vslidforanynumberoflayers.H extensionoftheanalysisto a
pluralityoflsyersweredesired,therefore,itwouldonlybe neces-
saryto centinuetheintegrationutwardthroughthesuccessionof
lay2rstothesurface.
Theadditionalrelations(EI-5),
tain~leasfolluws:
2;2(1- 132)
L
n= 1
andsoforth,requiredarenowob-
r%
N
N
mN
.
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Intheexecutionofthisinte~ation,thefollowingisused:
.
Y2
J
m(x) ax = Y21in’(Y2)- Y@ ’(Yl)
Y1
JY2Y~ a(x) dx= -Y.#(Y2)+ YIR’(Y1)
me resultoftheintegrationisthefollowingwitholviousdetails
omitted:
{2 = 12,Mc0s(@e‘~
inwhich ~2~ isgivenbyequation(EM) andisslsoequalto
(~,c ‘1/2 ofequation(C1.9),and G isgivenby equation+ ?2,~)
(E35)
(E16)
endisslsoequslto tan‘1(12,s/i2,C)ofequation(C~)O ~~s c~e,
again,if ~+0, R! becomesber~,Im’ becomesbei~,and ~2~ and
F2 reduceto theexpressionscontainedinequation(B17).Note;however,
thatinthisinstance
~/~ = 1 Sficet~ derivativesber~ =d be%
wouldthenbe evsluatedwithrespectotheoutermateriel,thatis,
withrespectothevariablea2r ratherthan <r, and,further,
Theexpressions(E1.7)and(E18)arethenobtainedinanobvious
mannerby performingtheindicateddivisionandsubtr~ction,usingequa-
tions(E15), (E16), and(E31). Thepointtiat q2,~~2,M ‘d
tan@ - V2)em dependentonlyuponthephysicalstructure(~,rb>and
properties) ofthelsminatedcylinderanduponfrequencyandareinde-
pendentoftheheat-transfercoefficient(i.e.,J%, providedthere-
mainingphysicslvariablesof J% areconstant),isofthegreatest
importance.Thatfactfollowsdirectlyfromthediscussionsh theteti
concernx ~%tit,1 and u~tit,z,andenciblescalculationftheinternal
distributionftempera- withoutreferencetomass-flowconditions.
.—-. .—— -—— —.— --—
..—— .
.
.,
. . .
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APPENDIXF
HOILOW-SHELLTHEORY
Thedifferentialequationofheatflow(e.g.,eq.(Bl))applies.
As usual,thesubscript“a”meansthatthequantityinquestionistobe
evaluatedat theinterface(inthisinstance,theinteriorsurface);“b”
meansthatthequantityistobe evaluatedattheoutersurface.
Theboundaryconditionsare:
(uN0)N
(aalb=Ja(cosu)O- ~)
(+)
a
Za=o
(Fl)
(F2) -
.
Theexpression(CL3)isvalidinthepresentcase;it isnecessary
merelyto evaluatetheconstantsC*,G*,D*,andE*. Thismaybe accom-
plishedbyusingtherightsideof equation(C13)inequations(Fl)and
(F2). Theresultingpairof equationsin cosU@ and sinU@ isthen
split,as usual,intofourrelations.
Onlytheresultsaregiven.Certainauxiliaryparametersarefirst
defined(Z= W, where a ischaracteristicof theshellmaterial),and
it shouldbenotedthatthedenotationshereassignedthequantitiesa,
b, c,d, g, m, n, ~d P arerestrictedto thepresentappendix.
a=%,b= berO(Zb)+ Ja‘lber~(Zb)
b ~~I,b =beio(~) +Ja-1bei~(2b)
c SkerO(Zb)+Ja‘1ker~(Zb)
d= ke~(Zb)+ Ja-%i~(zb)
g=- ber~(la)
m =- bei~(2a)
n =- ker~(Za)
P =- ke~(Za)
(F3)
. —
—. ——..—
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Thesetof equationsdeterminingtheconstantsisthenthefollow-
ing: .
@+ b@+cD*+dE*=l 1
-b@+aG*-dD*+cE*=O
}’
(F4)
@+mG*+~+pE*=O
-mm + gG*-pw+m= 0)
Thesimplicityandsymmetryof thissetof equationssresuchthat
itseemedworthwhiletoobtaintheexplicitsolutions.Thesesolutions
arethefollowing:
ThedeterminantA of thecoefficientsa, . . .,p isgivenby:
A = (a2+ b2)(n2+ p2)+ (~ + m2)(c2+ d2)+
2[(am-
Theconstantsare
bg)(dn- Cp] -
thengivenby:
(ag+ bm)(@ + en)]
@ = A-1[a(n2+ ~2)+ m(dn- cp)- g(dp+ cn)j
@ = A-~b(n2+ p2)- m(dp+ cn)- g(dn- cp)~
@ = A-1[c(g2+ m2)- p(am - bg)- n(ag+ bin)]
@ = A-~d(g2+ m2)-p(ag+ bm)+ n(am- bg)]
(F5)
1(F6)
Themeantemperatureamplitudeandphasearegivenbythefollowing,
whichwereinpart-obtainedfromequations(C20)byputtingz%= lb,
fI= beiojandsoforth:
(F7)
.
. .— ——.—- — .—— — — —-
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.
where
.
Tc= ~b(12 [C*(bei@b)- llbei~(2a))-+ G*(ke~(Zb)- 13kei~(Za)) -
- p2]
D*(ber~(Zb)- 13ber~(Za))- E~ker~(Zb)- pker~(za))~
2
% = Zb(l fD*(bei~(Zb)-
N13bei~(Za))+E*(iei~(Zb)- Bkei~(Za))+
- P2)
N
mCu
G*(ber~(Zb)- ~ber~(Za))+G*(ker~(Zb)- pker~(zb))l
(F8)
.,’
.-
. ,.
..
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APPENDIXG
INTERPOLATIONAMONGCAIL!UIATE31R SPONSEVALUES
Thefollowlngdiscussionrelatestotheconstructionf theresponse
curvesof theresLwiresA and C discussedinthemaintext. It
shouldfirstbe observedthatsuccessiveamplitudecurves(fig.8)cor-.
respondingtosuccessiveBiotnumbersdifferingfromoneanotherbymul-
tiplesof a singlefactorareuniformlyspacedalongtheamplitudeaxis
(ordinate)xceptat verylarge(~1) amplitudes.Thisuniformity,of
course,existsonlyona log-logplot. Itfollowsthatthecorrector-
dinateof a pointcorrespondingtoa Biotnumberfallingbetweentwofor
whichcalculationsweremadeisfoundby firstestablishingtheratio
oftheintermediateBiotnumberto thesmillerofthetwo. Theratio
isthenconsideredtobe somefractionofthecommonratioexisting
betweensuccessiveBiotuumbersof thecalculations,whichis
I@/4 = 1.7782794+.Thefractionthusfoundisusedtoestablishthe
ordinateof thepointtobeplottedinthemannertobe nowindicated;
themethodisactuallya linear-logarithmicinterpolationandisclari-
fiedbythefollowingexample(whichconcernstheoxidesurfacepoints
forwire A):
TheBiotnumberforwire A is0.00064.Oxidesurfacecalculations
.
wereavailableforsllthecombinationsofBiotnumber,u%int,2,and Ja~l
forwhichlsndmated-cylinderresultswereobtained,aswellasformanyad-
-.
ditionalpoints.At an wcint,2valueof0.1,the”J~l =2107.1+smpli~
tude(fortheBiotnumber0.00045045)is0.C1031747.Atthessme @int,2
vslueof 0.1,the J~~ . 11.84.9+amplitude(fortheBiotnuniber
0.00080103)iS0.0056364.Theratio0.00064/0.00045045= 1.421(slide
rule). Usingtherelation,fractional(ph~ical)@+%an@e(denotedby(0.00064)Z) -from0.00045045to 0.000640= 4 loglo0CO0045U5= 4 loglo(1.421),
z isfoundtobe about0.61.o.Thismea~ thaton theselog-logplots,
pointscorrespondingtoa Biotumber of0.0064willf- 0.61timesthe
actualverticsl’distancebetween0.00045045and0.00080103Biotnumber
vsluesabovethe0.00045045points(allata given~int z value).In
l
particular,theamplitudefortheexamplecitedshouldbe”about0.0450;
thatfigureismosteasilyobtainedbyusinga Gerbervariablescale
(essentially,a goodspringwitha numberofmrked turns)to interpolate
linearlyon a logscaleaftermarkiugpointsat 0.00564(=0.0056364)and
0.00317+(=0.0031747).
% a checkon therelationgivenforthecalculationf z,itshould( )Biotmmiberbe notedthat z isunitywhen loglo o ~W5W5 = 0.25,thatis,
whentheBiotnumberis0.00080103. “
84
Sincecompletej3. 0.90and0.75curves
numbers0.00045045and0.00080103,theGerber
NACATN
6.reavailableforthe
variablescalemaybe
moredirectlywherethelaminated%ylinderresultsareconcernedby
3514
.
Biot
used
estab- -
lishinga seriesofpointslying0.61(inthisexample)ofthevertical
distancebetweenthecurvesinquestionshovethelower(0.00045045)
curve.Jnthismanner,a largemmiberofpointsmaybe easilyandaccu-
ratelyest~lishedeitherontheoriginalsheet(fig.8)or a newone
(e.g.,fig.U.). Thisprocedurewasfollowedforallofthesurface
pointsand ~ . 0.90and0.75pointsofwires A and C. Theaccuracy N
oftheprocedureof coursedecreaseswhereit isobviousby inspection m
thattheincrements(intermsof actualverticaldistanceonthelog-log N
plot)ofamplitudeareno longerequalforsuccessivepairsofBiotnum-
bersdifferingby a conmonfactor;thissituationwillgenerallyexist .
athighamplitudesonlyanddoes-riotrepresenta seriouslimitation
etidently.
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2.
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.
TABLEI.- VIIUl?SOF bei,her,bei’,her’,ARDRmAm FONC!TIORS
“Tint
o
.00444
.02775
.111
.444
.999
1.778
2.775
5.996
5.432
7.104
8.991
11.1
m-
—
0
.2
.5
1
2
3
4
5
6.
7
.9
9
0
[ar)z
0
.04
.25
1.
4
9
16
25
36
49
64
81
00
k=” ~~2(Cm-reot)(Correot)
1.000
.99996
.996Q4
.969W
.56510
.04901
8.57112
38.81390
78.46963
1s.lmle
439.90700
5,466.4922
L2.276.676
o
.Ocolo
.003905
.06226S
.94%47.9
3.75423s0
S.2564274
.o1346a’
53.7965Sa
451.11211
12X.1714
610.729.50
i177.82S8
ber(ar)
E=E=
1 1
.99998 1.0=30
.999021 .999
.96438 .9.94
.751+ .752
4213q -.zn
-2.S63421-’2.3-53
-6.23CFC61-6.2XI
-8.656321-8.86
-3.4329s1a+.s
ZJ.97396a21.4
73.935731a75.4
IS9.84047a146
bK-A%j2
1.000
1.@X16
1.001945
1.031265
1.510447[
3.603265
11.827647
58.827363
132.26a32
464.310’a
1,666.0784
j,077.2137
2,454.30s
bei(ar) I bert(ar)
Car’reot
o
.Olooc
.06242
.24957
.97223
1.93752
2.29269
.11603
-7.33476
21.23240
35.01673
24.71278
56.37046
:be#+be12j
(Cm-eCt)
1.Oow
1.mm300
1.0009718
l.olssm
1.2aoo27
1.95C1961
S.439KCQ
6.z311606
11.5oc769
21.547860
d.81762S
77.956486
49.84761
Tarmer Corl-eoto 0.010-.CO049a.063-.00781
.- -.06244
.972-.49307
1.936-1.56984
2.223-3.I&s
.116-3.84534
-7.33 -.29S)6
L-21.2312.76452
1-34.6236.31133
k25.o 65.60077
%5.4 51.19526
‘(b<+ bei2)-.5
cared
.0000
.999970m
.99902914
.984ns2s
.81366786
.51276625
.26077206
.1604637s
.066954346
.04640832
.02449922
.01262767
.C0667345
L4r5ber
l.ooc
1.mo
.999
~.987
~.775
.613
.291
‘.161
.c@7
=.047
~.025
.013
‘.Q36
orsber
o
-.KMJ5
-.007.9
a-.o62S
-.495
-1.570
-s.13
L-3.65
~-.27
h3.o
‘36.5
‘67.5
52.5
beq
:Oorfaot)
,0
-.07106
-.18224
-.039567
-.99706
-1.73264
-1.66925
.35978
7.46B
20.36893
32.50666
a3.n9a
59.47761
beiI(cm)
==I==
o 0
.10CO3 .100
-24”21w
.49740 .497
.917021 .917
.6ema .W
-.49114I a-.496
-=4 ‘-436’
,10.64623[%0.86
16.041601a- 5.1
-7.66031a-8.05
I36.23938%5..9
35.309308122
ixi~
Correot)
o
.07036
.17KQ
.30756
.29978
-.46745
-2.%382
-5.79791
-7.87666
-2.31717
21.67354
72.05426
S1.87864
N’
a
N
.
.
—
Iarl+bel
[Corraot:
o
-.00070
-“.01104
-.06631
-.69730
2.22X19
.4.43307
.5.43s13
-.41448
.8.05176
i4.mo40
12.773E0
‘2.401O3
ei1 - ber
(Com-cot)
o
.14142
.36344
.70343
1.22686
1.24519
-.694S7
-6.15769
-15.3362a
-22.68610
-10.63332
51.33W0
191.S6626
%nOarreot v luau.
b(b& + bei2)4.5-~ inGr?hr’s notation.
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TABLEII.-CONVERSIONFACI’ORSMIDCONHCANIS
(a)Conversionfactors
ra*2sca(h2at.o]
~a2=a(h2ato)~a2=
21f m ‘0’:(3
.oa315915494
.0C031830986
.M)079577466
.oo15915494
.0031830986
.0079577466
.01591.5494
.031850986
.079577466
.1593.!%94
.31839986
.79577466
1.59M494
3.1830986
7.9577466
0 0 I o
.001 .2
.002 .5
.005
.01 1
.002 2
.005 5
.1 10
.2 20
.5 30
1 100
2 200
5 0
10
20
50
100 15.915494
200 31.830986
w 79.577466 ,.
1000 159.15494
a w
o
.0126M663
.017841-240
.028209478
.039894229
.0564M955
.089206203
.12615663
.1784U40
.28209478
.398%229
.56418955
.89206203
1.2615663
1.7841240
2.8209478
3.9894229
5.6418955
8.9206203
L2.615663
a
Fe-l
3i.4B93
12.56637
6.283185
3.141593
1.256637
.6283185
.3141593
.1256637
.06283185
.03141593
0
‘O*=
-()a atfj 1 ()a@ 23Amrfit=&=— %% = Fo-0”5-Z- ‘=% T Fo =3.00150(aJt~t}o”5
o 0 m 0
.1 .o15915494 6.97434 7.92665
.2 .0311U0986 3.48TL7 5.60499
.5 .079577466 1.394867 3.54491
1 .15915494 .697434 2.50663
2 .31830986 .348717 1.772454
5 .79577466 .1394867 1.120998
10 1.5915494 .0697434 .792665
20 3.1830986 .0348717 .560499
50 7.9577466 .01394867 .354491
100 15.915494 .00697434. .25Q663
200 31.830986 .00348717 .1772454
a - 0 0
— .,.
—.
Grober’an-tzon.
87
.
.— .-—.—..—————
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TABLEII.- Concluded.CONVERSIONFACECORSAl%DCONSTANTS
(b)Constants
2YC= 6.2831853
l-c~2= 1.5707963
K/4= 0.78539816
f
Jc= 1.7724539
2JC= 2.5066283
~-1
= 0.31830989
(Zfi-1= 0.15915494
hX2= 1.2533141
~-1
= 0.3678794+%
~-e-l
= 0.63212056
f
2 = 1.4142136
212= 0.70ZL0678
;ly4
= 0.84089642
f
5 = 2.2360680
10= 3.1622777
1$/4 =“1.7782794
lo3/4=5.62W33
@ = 4.47~360
~ = 6.3245553
@ = 8.9442?’lg
x = 0.131(Definition)
O.1.11-1= 9.C09C090
o.u1/2 = o.33S16662
o.UN2 = 3.001501L
0.u11/2/2= 0.16658331
(2X0.IJI)-1= 4.5045045
(4X0.lJ@ = 2.2522523
(4X0.JJl)l/2= 0.66633325
‘(.4xoo@-l/2= 1.5007506
2Y’XO.JJI= 0.69743357
(2YCX0.LU)U2= 0.83512488
(21rX0.1U)-1= .4338283
2@x0.111)--1=14.151318
(21T/M0.1U)1~2= 3.7618238
47 = 0.447ZL360
~fi- = 0.31622777
--
- Ah/20= 0.22360680
.J7-140 = 0.1581J3813
= 0.IJ180340
.
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TABLEIII.- GROBER1S TABLEOFSURFACE
AMPLITUDESANDPHASESHIFTSFOR
Im?ImmmTHICKSLAM
h2ato
CJa*21
o
.001
.b2
l005
.01
.02
.05
.1
.2
.5
~o
[.1
o
.012
.017
.028
.039
.054
.084
.116
.159
.232
‘o
[1‘b
45%0‘
44*3O‘
44020‘
430551
43%01
42°50
41040i
40°20‘
38*4O‘
35035‘
1
2
5
10
20
50
100
200
500
1000
0.304
.388
.510
.603
.689
l 784
.843
.883
.925
.945
‘o
[1~b
32°40‘
29°05‘
23°501
19°50‘
15°50‘
11°501
8°35‘
6°20‘
4°20‘
3*OO‘
.—-. . . . . _.- —.— —_ —. — — ——- .—.— — ——— ..._. —
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TABLEIV.- REDUCI!IONFACTORq.[~],DEPENDENTm
h2ato
~a*21
O.ooc
.001
.002
.005
l01
.02
.05
.1
.2
.5
1
2
5
10
20
50
100
200
1000
a
o
0
.01
.02
.03
.04
.05
.08
.12
.16
.23
.30
.39
.51
.60
.69
.78
.84
.88
.93
.95
1.00
0.2
0
.01
.02
.0:
.04
.05
.08
.12
.16
.2?
.31
.40
.52
.61
.70
.79
.85
.89
.93
.96
L.00
0.5
0
.01
.02
.03
.04
.05
.08
.12
.16
.25
.32
.41
.54
.64
.72
.80
.86
.90
.94
.97
1.00
1
0
.01
.02
.03
.04
.05
.08
.12
.17
.26
.33
.43
.57
.67
l 75
.83
.88
.92
.96
.99
1.00
2
)
.01
.02
.04
.05
.OE
l ()$
.14
.19
.3C
.39
.50
.65
.73
.81
.88
l93
.95
.97
.99
..00
5 10
0 0
.02 .03
l03 .04
.05 .07
.08 .10
.10 .14
.16 .22
.21 .30
.28 .40
.41 .56
.53 .68
.64 .78
l 79 .89
.86 .94
.91 .95
.95 .97
.971*OQ
.991.CO
1.(X)
1.00
20
)
.04
.06
.10
.14
.20
.30
.40
.53
.69
.80
.88
.96
.98
.99
..00
50 100
0 0
.06 .09
.10 .13
.16 .23
.22 .30
.30 .41
.45 .58
.57 .70
.69 .80
.83 .91
.90 .94
l94 .97
.981.00
.991.00
L.00
%
)
.1:
.1!
.3:
.4:
.5:
.7(
.8:
~8:
.94
.9(
l9:
..0(
----
1.00
1.00
1.00
1.00
1.00
1*CQ
1.00
1.00
1.OO
1.00
1.00
1.00
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k2at0
[1Ja*2
3
.001
.002
.005
.01
.02
.05
.1
.2
.5
1
2
5
10
20
50
100
200
500
1(?QO
*
TABLEV.- PHASESEIFTeo~I~DEPENDENTUPONh2atO~a*2]
at.
~ IFo*I
o
450
450
440
440
440
430
42°
400
390
36°
330
29°
24°
200
~~o
120
90
so
40
30
00
0.2
450
450
450
44.5(
440
43.5(
430
42°
40.5(
37.5(
34.5(
310
25.5(
210
16.5(
12°
90
60
40
30
00
3.5
50.50
500
500
490
48.5°
48°
470
450
42.5°
390
36.5°
32°
26.5°
220
LP
120
9060
40
30
0°
11215IT58.50680 80.5C57.5°66.5°78.5C570 660 7805P 65.5°77056.5°65° 75°
55.5063.5°730
53.5062° 71°
52° 60° 67.5C
490 570 63°
45.!+52.5°550
410 47.0047*5C
36° 42d 400
29.5°32.5°28.SC
23.5°25° 220
18° 200 16.5C
12.5°13° 10.5C
90 9° P
60 (30 50
40 40 40
30 30 30
0° 0° 0°
86.50880
83° 85°
82.5°840
81.5°82°790 790
;:65076°
700680 63.5(620 550
52.5°43.5(
42.5°350
33~ 26°
23° 170
16.5°12.5c120 8?
7.5°6°
50 30
40 20
30 20
30 20
0° 00
50
B8.50
640
B20
77.5°
73.50
68.5°
60°
530
430
32°
24°
lP
L1.5°
7.5°
40
30
20
1°
10lo
00
Km
89°
83°
81°
740
69°
63.5C
52.5C
440
340
23~5c
17.5C
12°
7*5C
50
30
20
10lo
1°lo
00
200
390
310
780
70°
550
570
L!+
35.5(
~(30
L60
U.5’
8°
4.5
20
20
10
1000
0°00
00
—
-
—
--
0°
00
00
00
00
00
00
0°
0°
0°
0°
0°
0°
0°
00
0°
00
0°
0°
00—
—.- —.—— .—.
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TABLEVI.- MEANRESPONSEOFHOMOGENEOUSCKUNDER
FORTHECASEOFSU13FACE~ DRIVE
0.001
.00316228
.01
.0316228
.1
.316228
1.0
3.16228
10.
31.6228
100.
316.228
1000.
0.999999
.999989
.999897
.998944
.989627
.910910
.614989
.350850
.203056
.116041
.0658531
.0372233
.0209930
tml(@PJ
0.00112613
.C0356124
.0112606
.0355885
.111904
.335156
.721615
.859SL9
.922660
.957212
.976170
.986665
.992523.
O.OOH261O
.00356120
.0112601
.0355735
.111441
.323390
.625086
.709764
.745194
.763540
.773340
.778686
.781645
.<
—
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TABLEVII.- DMUWEED-CYIXINDERCALCUI@CION
a2%
o.9491E
1.6879
3.0015
5.3375
9.4916
‘Tint,2
0.1
O.qm
1.
1“m
10.
Casenmnbers
for B = 0.90
and k2/kl ~
~
Groupletter
A B c D E
2 4 8 1319
7 u 17 23 29
15 212733 39
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TABLE VIII. - LIMITS OF VARIABLESFOR 50 SHELG CMES
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t:,L;,
‘@’a a~b
1.2659 1.6879
2.7014 3.0015
4.0031 5.3375
1.5191 1.6879
2.2511 3.0015
‘b,
al??b
~:,
a~a
0.71187
.85424
.71187
.85424
1.2659
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15.0970
13.4231
16.8787
15.0970
18.9832
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number
TJ26 11.3228C27 12.080~G28 12.6590E29 13.5873130 14.23733.94916.94916.94916.949161.6879
.94916
1.6879
.94916
1.6879
.94916
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1.9101
2.2511
2.7014
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2.1224
2.1224
3.0015
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3.7743
B31 15.1908
F32 15.9179
D33 17.0848
H34 17.9025
A35 19.1015
16.8787
21.2239
18.9832
23.8700
21.2239
4.8038 5.3375
7.1187 9.4916
2.7014 3.0015
H6
A7
C8
1?;
3.1836
3.3968
3.8203
4.0032
4.5023
4.2448
3.7743
4.2448
5.3376
6.0030
.71187
1.5191
.85424
1.2659
.71187
4.0031 5.3375
0.5424 9.4916
1.6879 J36 20.1347
3.0015 C37 21.4830
.94916 G38 22.5113
1.6879 E39 24.1616
3.0015 140 25.3180
26.8462
23.8700
30.0151
26.8462
33.7573
2.2511 3.0015
4.8038 5.3375
7.1187 9.4916
2.7014 3.0015
4.0031 5.3375
B11
F12
D13
H14
A15
J16
C17
Q18
El9
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4.8038
5.0337
5.4027
5.6614
6.0404
6.3672
6.7937
7.1187
7.6406
8.0064
5.3376
6.7116
6.0030
7.5485
6.7116
8.4895
7.5485
9.4916
8.4895
10.6752
1.5191
2.2511
.85424
1.2659
2.7014
.94916 B41 27.0136
1.6879 D42 30.3816
3.0015 E43 31.8358
.94916 J44 35.8050
1.6879 C45 38.2030
3.0015 E46 42.9660
5.3375 147 45.023
1.6879 D48 54.027
3.0015 J49 63.672
5.3375 E50 76.406
30.0151
33.7573
42.4477
47.7401
42.4477
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8.5424 9.4916
4.8038 5.3375
7.1187 9.4916
4.0031 5.3375
8.5424 9.4916
4.8038 5.3375
7.1187 9.4916
8.5424 9.4916
7.1187 9.4916
8.5424 9.4916
.7187
1.5191
2.2511
.85424
1.2659
47.7401
60.0301
60.0301
84.8955
84.8955
B21
F22
D23
H24
A25
8.5424
8.9513
9.6077
10.0673
LO.7415
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2.2511
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TABLE”X.
- RESPONSE9OFCYLINDER9
the left of each entry denotes the power of ten by which each entry
to be multiplied.Example:
-19.7420isactuallyequalto0.97420.1
[The number
as printed
to
la
(a)Wint,2 = 0.1
~ext,2
1.000
=iE5s=-
-1 9.?4a5
-1 a.x149
.ao.94
Lardr 1Oyliuhr
c1r
x
.90
.75
m m
.1 9.848s
,a l:;:;:
.1 9.8a75
.s 3:;~~6
.1 9.7947
.a 7.8046
.078
60
,1 9.7946
.2 a.3i80
.oasa
,1 9.6a90
.8 7.loa7
.0709
.1 9.6as7
.a 9::;;8
-1 9.6409
-1 1.;;;3
-1 9.641S
-a 4.813S
.04e~
-1 9.60E7
-s 7:~;;6
—.
-1 9.7246
-a 3.Z629
.03a6
-1 9.68el
-a S.7013
.057
-1 9.9S04
-2 4.s814
-a 9.9669
-1 9.8991
-1 l:;f~6
-1 9.6461
-8 9.6E65
.097
.1 9.7a94
.8 e:~~;e
-1 9.9666
-1 z.ee99
.aez>
.00
.90
.7s
-1 9.3a93
-1 1.aa99
.la84
-1 9.6141
-B s.6e8e
.0568
-1 9. 637%
-a 4.0S79
.0406
-t 9.61S8
-a 7.613S
.076
-1 9.s73>
-i l:;;;e
-1 9.7sao
-a a.e900
.oass
-1 9.71SS
-E 6:~~~6
-1 9.6719
-1 1::::3
-1 9.3s9a
-1 1.:::9
-1 9.4a19
-1 8.0094
.19e
-1 9.3516
-1 l::::s
-1 9.36S7
-1 l:~:;l
-1 9.4657
-a 9:;;;8
-1 9.4460
=1 1::::5
-1 9.36a?
-a 7.oaQs
.Q701
-1 9.35et3
-t 2.a6sa
.la6
-1 ;::;::
-i
.aos
1 3.16a -1 9.15e7
-1 4.2681
.4034
..00
.90
.75
-1 8.7901
-1 a.oe94
.8060
-1 E.8896
-1 1.4159
.1407
-1 E.8876
-1 1-9s9s
.194
-1 8.9132
-1 0:::;9
-1 9.1493
-a 9.7487
.097ti
-1 9.iaoe
-1 1.S196
.16e
-1 9.0615
-1 a:;;g3
-1 9.sa81
-a 5.0s59
.0503
-1 9.s086
-1 ll;g~e
-1 9.4as3
-1 1.9a4a
.190
-1 8.854e
-1 a.:::a
-1 8.95.95
-1 3:;2;5
L 5.623 -1 8.2656
-1 6.7189
.S916
-1 7.E664
-1 3.44a3
.>315
-1 7.941>
-1 4.1636
.39s
-1 8.052S
-1 S.j;;l
-1 e.0995
-1 a.33a4
.Z291
-1 e.0797
-1 3.174s
.307
-1 e.06s4
-1 4.3734
.41a
-1 0.5365
-1 1.6311
.1617
-1 8.4761
-1 a.49a3
.Z44
-1 e.3349
-1 >:;g:o
-1 8.8946
-1 1.191e
.lle6
-1 E.8346
-1 2.1040
.807
-1 8.6618
-1 3:;;~0
-1 9.1763
-a E.64S7
.086a
-2. 9.111s
-1 1.8a4a
.lex
-1 8.9136
-1 S:;;:s
1.00
.90
.75-1 .9.716$
1.1933
-1 5.1aa7
1.000 -1 6.67a9
1.1077
.8365
L.oO
.90
.7.s
-1 6.4700
-1 6.4133
.496a
-1 6.50o3
-1 6.S969
.58S
-1 6.9040
-1 3:;:;;
-1 6.E101
-1 4.989E
.463
-1 7.s701
-1 Z.6n46
.8567
-1 7.4a33
-1 3:;::0
-1 e.1307
-1 1.9603
.1936
-1 7.959a
-1 3.437e
.331
-1 7.559a
-1 S.4866
.soa
-1 e.8e77
-1 1.44et
.143f
-1 7.3711
3.0103
-1 7.8S40
-1 7.09a9
-1 s:g::e
-1 7.9S6C
-1 S::;:f
t.77e -1 4.6711
1.8827
1.0825
1.00
.90
.75
4.76E6
:: 7.9841
.6738
-1 5.363E
-1 5.4076
.49s7
-1 5.1667
-1 7.44Z5
.640
-1 4.8914
1.0614
.e15
-1 6. a17i
-1 3.99a0
.379e
-1 s.907e
-1 6:;~;0
-1 s.3a37
-1 9:;~;6
-i 6.9E70
-i 3.0?5s
.89e4
-1 6.6o64
-1 s.411e
.496
-1 5.9075
-1 e:;;g4
-1 4.7a46
-1 9.9495
.7e3
-1 4.675a
1.ae49
.910
-1 4.9016
6.1933
1.0S85
——....—- ..——— — -——
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TABLEX. - Continued. RESPONSES OF CYLINDERS
[The number to the left of eachenz:~tes thePoweroftenbYwhicheachentry
asprintedistobemultiplied. : -19.7420Isactually equal to 0.97420.]
N’
o-l
t-u
(a) Continued. m1nt,2 = 0.1
n=
Kxaat
M3.rstd.
-1 2.9196
>.a609
1.a73a
e
1.00
.90
.75
5 10
-1 3
-1 7:2$2:
.6SSS
-1 S.sise
1.:;:1
-1 3.20a4
1.:;;8
40
-1 5.S07S
-1 4.5aa4
.4Z47
-1 4.9144
-1 8:~$;6
-1 4.07ai
1:;;;9
-1 3.9369
-1 6.1490
.5513
-1 3.SS46
l::g;4
-1 8.5487
1.8614
1.070
-1 2.5803
-1 7.708a
.6S67
-1 a.03a4
1.;*:3
-1 1.5099
2.4340
1.181
1m-1 6.3S64-1 3.5610.3498-1 5.5748-1 7::::7-1 4.44071:3;:33.16S -1 3.16611.0893.aael-1 S.oela1.$::1-1 2!.9e751.91411.089-1 3.01s11 1.04141.8645
i
-1 4.8 S6
-1 8S.o 44
.4680
-1 3..9383
1.oe19
.8s5
-1 Z.8015
1.938a
1.095
S.623 -1 1.7173
S.7117
1.597s
-1 1.7s08
1 1.5135
i.394a
1.00
.90
.7s
-1 1.952a
l.~~::
-1 1.87az
1.eaa9
1.069
-1 1.7e60
2.6604
I.all
-1 2.4a4e
-1 9.2747
.7478
-1 s.aoa7
l:::;O
-1 ;.::;:
1:119
-1 3.1437
-1 7.3610
.6346
-1 2.7333
l::::s
-1 ::g:::
1.071
-1 1.9796
-1 8.;.s::
-1 1.66al
1.:::2
-1 1.3242
a.299s
1.161
-1 1..4741
1.0844
.8259
-1 1.31Z6
1.5798
1.007
-1 1.1372
z.s59a
1.198
-1 3.3044
-1 6.612!7
.5.943
L 1.000 -2 9.8404
1 1.0070
1.4718
1.00
.90
.7s
1.00
.90
.7s
-1 1.1530
:.:;:;
-1 1.0946
a.196S
1.144
-1 1.0336
3.4173
1.206
-1 0.4161
z:;~;a
-1 1.663s
Z.6436
2.209
-a 9.9s04
1 a.oo43
1.4711
-8 5.s793
1 1.78a0
1.5147
i
L 1.778 -a 6.655a
1.7711
1.0S68
-a 6.2798
z.4e33
1.z8e
-a S.8942
4-07s9
1.330
-2 e.6s8a
z.19es
.8754
-2 7.6187
~:gg;8
-a 6.5192
&~;~6
-1 1.le8a
1.004S
.7e75
-a 9.7467
1.616S
1.017
-2 7.6Z63
a.6902
1.a16
-z 6.9313
1.0641
.8a57
-2 5.6057
1.7580
1. 054
-a 4.3417
a.9757
1. a47
-1 1.5890
-i e.9900
.7323
-1 1.a023
:::;:l
-8 ::;:;:
1.s44
-1 a.lo45
-1 7.9996
.6747
-1 1.4410
1.7636
1.0s5
-a 9.s9s.s
3.328a
1.279
-a S.6145
1 2.5014
1.S146
-1 t.a7a7
-1 9.0694
.7366
-2 8.3530
n.oa2a
1.112
-0 5.463a
3.8974
1.3ao
L 3.162 -a 3.1495
1 3.160a
1.5392
-a 3.1607
1 3.0004
z.539a
1.00
.90
.7s
-2 3.79S6
1.8826
1.08as
-2 3.5686
;;:;:5
-2 3.3379
4.S672
1.35s
-8 4.9a77
1.27S8
.90S3
-2 4.ss26
1.89e4
1.0.96
-2 3.7026
S.2S55
x.a7s
-8 9.4117
-1 9.917s
.7.s13
-2 6.9449
1.6696
1.077
-a 4.9603
3.3434
I.aao
-2 a.i509
1.9S17
1-0973
-2 a.oi8a
~.:::9
-a 1.ee40
4.9024
1.370
-s a.84a7
1.3805
.9227
-2 2.4699
1.9793
1.103
-2 a.093z
3.4461
1.28a
-2 3b97e6
1.1349
.848S
-a 3.191s
x.e499
1.075
-2 0.4s7s
3.1648
1.Z65
-s S.4497
l.osea
.81il
-a 3.96al
1.9071
1.105
-8 2.8079
3.6180
1.301
-8 ?.4s91
-1 9.;;::
-0 4.7737
2.ao40
1.145
1 .5.6a3 -2 1.7744
1 5.6110
1.5530
-2 1.7780
1. 3.5001
1.5S30
1.00
.90
.7s
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TABLEX. - Continued. RESPONSES OF CYLINDER9
[The number to the left of each en;~~es the power of ten by which each entry
as printed is to be multiplied. : -1 9.74~ Is actually equal to 0.97420.]
(a)Concluded. O.JTmt2=0.1
>
f%x.t,2 Iamll
e
1.00
.90
.7s
+
1:1656
.0617
-a
“-l3.1153 -a 4.B9351.0906 1.oe77.8887 .79905-8 1.a147x.99aa1.10S7
-8 1.1s84
2.8817
1.a37
-a 1.0616
S.1156
1.378
a I.000
-2 1.3959
a.oaeo
1.113
-a 1.1805
S.S635
1.897
-a 1.8067
1.9059
1. 088
-a 1.3869
3.aaa3
1. a7s
-a 1.s809
1.1836
.8693
-a 1.0198
1.9309
l..09s
-3 7.8144
s.35a3
I. ael
-a a.a456
!4.0669
i.iao
-a 1.S846
3.7933
1.313
-8 a.7077
a.3als
1.164
-m i.744a
:::::0
-a a.4463
2..0561
.81a7
-a 1.5299
2.393Z
1.17s
-3 ::;:;;
1.364
-a I.sese
1.0728
.eao5
-3 8.6aS6
;::::5
-3 :::::;
1-368
-3 7.82S1
I.oaas
.easo
-3 4.0S76
:::::0
-s 3-xzao
:::::0
-s 4-4106
1.0880
.ea75
-3 a.733a
&3::o
-3 1-7S06
4.9539
l-37a
-s a.4e>5
1.0911
-ea89
-3 1.5s81
f:;4;9
-4 9.84s9
4-973a
z.37a
-3 9.999s
1 4.0000
1.S608
-a 1.7681
1.1131
.8ss8
-a 1.a683
a.1146
1.la9
-3 6.9ae5
3.8997
1.3*O
a 1.7Te -3 S.6190
a 1.77%9
%.56.5a
1.00
.90
.75
1.00
.90
.75
-s 6.0473
a.o167
1.1106
-3 6.4189
a.9a6a
1.a4a
-3 5’.9763
;.:.4:7
-s ::;::;
.9se3
-3 7.8716
8.0S64
1.118
-3 6.649B
5.6331
t.3oa
-3 5.6Z53
1 4.S000
1.s6sa
-3 3.1611Q 3.1501
1.5676
a 5.16a -3 S.esss
a.oso4
I.tisa
-s 3.6o96
a.9sx8
i.a44
-3 3.56a7
S.3150
x.3es
-3 S.la65
1.s737
.9416
-3 4.4333
a.07a8
1.181
-3 3.74a3
3.6735
1.30s
-3 7.aa9a
1.1940
.e736
-3 5.7466
1.9580
1.099
-3 4.S990
3.3930
1.8e4
-3 9.9939
1.la61
.8446
-3 ::;:;:
1.134
-3 s.oa6i
3.96SS
1.3a4
-3 3.16a3
1 S.000o
1.5676
a s.6a3 -3 1.7779
a S.6009
1.5690
1.00
.90
.7s
1.00
.90
.7s
-Y a.169e
:.;;:;
-3 :.;::;
1:246
-3 1.8916
5.3577
1.386
-3 1.aao7
a.04a6
1.119s
-3 i.14a4
a.9747
1.a47
-3 1.0639
5.38al
1.387
-3 a-8867
1.3790
.9434
-3 a.49sa
a.oaal
i.la3
-3 a.lo5.9
3.6966
1.307
-3 4.0736
1.:;::
-s s.a354
::;::9
-3 a.4753
5.4163
1. ae6
-3 5.6364
1.1336
.e479
-3 4.oa5e
a.ls85
1.137
-3 a.eaex
3.99aa
1.sa6
-3 1.7783
1 S.sooo
1.5690
-4 9.99ee
e 9.9s9a
1.569e
3 1.000 -s 1.6a4s
i.se29
.9444
-3 1.40S9
a.087Y
1.la4
-3 1.1844
3.7097
1.3oe
-s a. a9s3
i.a033
.8774
-3 i.eao6
1.9751
1.10a
-3 t.39a4
3.4a96
1. a87
-3 3.1747
l:;:;:
-3 a.a666
a.t676
1.139
-3 1.S909
4.0xe7
1.327
-s i.000o
1 6.0000
1.569e
3 1.778 -4 5.6a30
s 1.7710
1.s70a
1.00
.90
.7s
1.00
.90
.75
-4 6.6660
a.04sl
1.1160
-4 :.$;::
l:a47
-4 5.9a37
5.S958
1.308
-4 3.861s
a.046s
1.it63
-4 3.6136
a.9eao
1.a47
-4 3.3650
5.4036
1.3e8
-4 9.1398
1.3836
.9450
-4 7.8967
a.0903
I.las
-4 6.661a
3.7171
1.3oe
-3
-3
-4
1.a90s
l.aosl
.e7ea
-3
-3
-4
1.7869
1.140a
.850e
1.a746
a.x7a7
1.140
e.94eo
4.0304
1.3aa
1.oa4a
1.97e6
1.103
7.e31e
3.4371
t.aee
-4 s.6a34
1 6.5000
1.s708
-4 7.a594
1.ao6a
.8786
-4 5.7604
1.9eos
1.103
-4 4.404s
:::::3
-3 1.0054
1.1416
..9s14
-4 7.1691
a.17s6
1.140
-4 5.03a3
4.0370
1.3ae
3 3.16a -4 3.16aa
s 3.1491
1.S705
-4 5.140S
1.3846
.9463
-4 4.441s
a.09ao
I.las
-4 3.746a
3.7a13
1.3oe A-s 1.39761.09a8.ea97-4 e.6s13a.4e64l.lae-4 s.537a4.9e4i1.373-4 3.1623L 7.00001.570s
.- . .- —---.. —. ———-— ——— —-—... ... .. . . —— .. ..—
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TABLEX. - Continued. RESPONSES OF CYUNDERS
[The number to the left of each en=otes the power of ten by which each entry
aa printed is to be multiplied. : -1 9.7420 is actually equal to 0.97420.]
b)Wrint,2-o.316f=@
dq MIMar
P
1.00
.90
.7s
fll
2s
-1 9.7025
-a S.U433
.03a4
40
-1 9.7884
-2 a.3081
.0831
Ea
-1 9.a4a5
-a 1.6400
.0164
10
-1 9.4635
-a 6.4140
.0641
-1 9.2956
-1 z.;;;a
-1 8.9793
-1 2.0713
.204
-1 9.8994
-a 4.547s
.04S4
-i 9.4696
-8 9::$g9
-1 9.2497
-1 1:;;;6
-1 9.5994
-a 8::::7
-1 9.4100
-1 1.::;9
-1 9.7065
-a 7::::4
-1 9.S464
-1 1::;:3
-1 9.7836
-8 6:~~;7
-1 9.6449
-1 l::~:a
-1 9.8455
-1 1.35s1
-1 1.7s99
.1 3.16a -1 e.09s6
-1 6.3e97
.5666
-1 9.S346
-1 4.1s93
-1 5.06ae
1.00
.90
.7s
-1 9.0618
-1 1.0964
.109Z
-1 8.89s3
-1 1.~~;6
-1 :.:.s::
-1
:aei
-1 9.a97a
-a 7.e481
.0783
-1 ;::;::
-a
.0563
-1 9.3661
-1 z.a561
.ia5
-1 9.13s1
-1 S:;;:7
-1 ::g:g~
-8
.0403
-1 9.s08e
-1 1:::;7
-1 9.S109
-1 a:~;js
-1 9.7nls
-a a.eaa7
.oaaL1
-1 9..6S05
-a 9:;;;6
.
-1 9.1647
-1 1.4715
.146
-1 8.9067
-1 a:;~;s
-1 9.4467
-1 a:::44
-1 7.aaB6
-1 e:;:::
-1 e.7163
1.19>3
-1 s.1aa7
-1 e.s90e
-1 1.8843
.1804
-1 e.soss
-1 a.;;;7
-1 ~.::::
-1
:400
-1 8.7839
-1 1.3260
.1318
-1 e.6a09
-1 a.sasi
.aae
-1 9. oeeo
-a 9.646S
.096a
-1 8.9394
-1 S::::l
-1 e.5e6i
-1 5.;~~6
-1 e.4431
-1 1.6066
.1s93
-1 8.le13
-1 3:3;:7
-1 ::::::
-1
.s09
-1 9.5S76
-a 6.9746
.0696
-1 9.1976
-1 l:~;~a
-2 8.83s7
-1 3::;:3
-1 9.510s
-a S.0191
.0s01
-1 9.3946
-1 1::::3
1 5.6a> 1.00
.90
.7s -1 e.a6ea
-1 3.;::8
-1 9.0311
-1 3::;;4
1.000 -1 s.e69a
1.a959
.9156
-1 7.>711
3.0103
-1 7.e540
1.00
.90
.75
-1 7.34e3
-1 8.9109
.ae33
-1 ?.9547
-1 2.1660
.2133
-1 e.e3e9
-i 1.1806
.117.5
-1 9.1469
-a 8.6oS3
.08se
-L 8.e99a
-1 9.::;s
.
-1 a.le95
-1 5:::;0
-1 7.7000
-i 3.6637
.351
7.1689
:; 5:::;s
-1 e.seae
-1 8::;:3
-1 7.9199
-1 5.3876
.494
-1 6.7383
-1 3.364S
.se46
-1 6.3*37
-1 5::;:s
-1 7.4435
-1 a.567E
.8S1S
-1 6.9S66
-i S:::;9
-1 a.0494
-1 1.9339
.1910
-1 e.s4as
-1 1.43s5
.14a9
1.77e -1 4.aaa6
2.0436
1.1157
-1 4.9016
6.1953
1.0s8s
1.00
.90
.7s
-1 7.5159
-1 4:f:+9
-1 7.9ei3
-1 4::::4
-1 5.5947
-1 e:;;;s
-1 6.04ae
-1 a:$;:o -1 6.4a03-1 e:;:;5
3.16a -1 %.7306
3.373a
1.aea6
-1 3.01s1
1 1.0414
1.264S
1.00
.90
.75
-1 4.3331
-1 6.1065
.548a
-1 3.9s34
-1 e.91el
.7a8
-1 3.4179
1.;;~4
-1 5.s151
-1 4.e84a
.4s43
-i 6.0730
-1 3.8686
.3691
-1 6.ee4a
-1 3::::;
-1 5.95ie
-1 7::;:7
-1 4.s??3
t:;:go
-1 7.89ea
-1 0.3117
.as7e
-i 6.S110
-1 6::::6
-1 4.8491
l::::a
-z 4.6605
-i 6.1667
.6e5
-1 3.e779
1:;::5
-1 5.3aa9
-1 ?::;:l
-1 4.a533
%:;;:9
.
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TABLE X. - Continued. RESPONSES OF CYLINDERS
the left of each entry denotes the power of ten by
to be multiplied. Example: -1 9.7420 IS actually
[The number
aa printed
to
Is
which eaah entry
equal to 0.97420.1
(b)Continued.
‘Tint, 2 = 0.316228
)6ay—
+
~
4.604a
G S.4107
.4960
@%xt,2
P
L.00
.90
.7s
6
-1 s.087a
-1 ?.esll
.6696
-1 a.5498
1.;::9
-1 a.13a9
1.7578
1.054
10
-1 3.6603
-1 6.5474
.5797
40
-1 S.4004
-1 4::;:;
-1 4.1876
1::::9
80
-1 6.aEle8
-1 3.5097
.337s
S.6a3
-1 3.0981
1.10.3s
.8s5
-1 n.4473
1.18s7
1.060
-1 3.6419
1.0804
.ea4
-i 1,7508
1. 1..-3l3s
1.3948
-1 U.9a46
1.9160
1.103
;.:s.::
:;
:7s20
-1 1.5474
1.39sa
.949
-1 1.8668
;.:;:9
-1 9.3640
-1 8.0979
.6807
-1 1.91ss
l:;::O
-1 1.4602
a.n813
I.lse
-1 3.0446
-1 6: ~:;:
-1 a.n867
1.:;:1
-1 1.6156
a.so57
1.191
-1 3.a469
-1 5.9533
.5355
-1 a.67z7
1::::1
-1 1..7494
a.7s19
I.aaa
-1 4.7353
-1 4.95Ya
.4s99
-1 3.04aa
l::;:U
-1 1.860S
3.01s3
I.asl
L 1.000 -8 9.6142
9.94a4
1.4706
L.00
.90
.7s-a 9.9504
i a.0043
1.4711
-a S.S060
1 i.74ao
1.5135
-a S.6145
1 a.5o14
1.5146
1.00
.90
.7s
-1 1.0697
1:::::
-a 9.0687
1.S786
1.006
-a 7.3a97
a.5040
1.191
-1 i.44as
-1 9.s4al
.7s14
-1 1.131s
1.614S
1.016
-a 6.4686
a.714i
1.%18
-1 1.91ss
-1 a.3a65
.6943
-1 1.3633
1.7048
1.040
-a 9.36a3
3.0966
1. ass
-1 a.s169
-1 7.3776
.63s6
-1 1.604a
1.0360
1.07a
-1 s.it49s
-1 6.4434
.S7S4
-1 1.8371
2.0004
1.107
-i 1.076Q
;:o;:a
-1 1-01s1
;:;;:9
-a 3.la61
1 >.0716
1.5385
-a 3.1607
1 3.0004
1.5392
1.00
.90
.7s
-a 6.Zla8
1.la45
.8439
-e s.alss
:.:?:1
-a 4.1047
a.7447
z.aal
-a .9.49S6
l.oaas
.7965
-a 6.S370
1.78aa
1.060
-e 4.8341
3.0416
i.ass
-1 1.1493
-1 9.3457
.7616
-a 7.9054
;:;;;8
-a 5.3454
3.s749
1.898
-1 1.5490
-i S.::;$
.
-a 9.3885
9.1518
1.136
-a 5.7794
4.t3s90
1.s39
-1 a.0676
-1 7.7554
.6596
-z 1.0701
::;::8
-2 6.1534
5.063a
1.376
1 5.6a3 -a 1.7670
1 S.4361
1.55a4
1.00
.90
.75
1.00
.9a
.75
-a 3.n57a
1.17a4
.8646
-a e.969a
1.7858
1.060
-a a.37a6
:.:;:4
-8 a.oao6
t.sol>
.8766
-a 1.6811
1.8346
1.072
ia 1.340a
a.9997
x.a49
-a 4.90S0
I.oeoo
.e83e
-a 3.730a
1.89s0
1.084
-a a.741a
3.a64>
1.274
-a 6.7051
1.0037
.787a
-a 4.5188
a.090s
I. las
-a 3.oa98
3.9160
x.3ax
-a 9.1741
-1 9.3846
.7s37
-a S.3380
a.seae
1.174
-a 3.a738
4.7671
1.364
-i x.asoo
-1 8.7584
.7193
-a 6.laso
a.7ea5
1.aa6
-a 3.4719
.3:3:;a-a 1.77801 3.5001
1.5630
a 1.000 -3 9.9645
1 9.6408
1.S604
-a 3.e494
l:;:;:
-a a.563e
a.i9i0
1.143
5.3185
:: 9.9s14
.7eao
-a 3.oa99
a.5361
1.195
-a 1.e481
S.la66
1.378
-a 7.3as7
-1 9.44s3
.7S6S
-a 0.1146
1.9617
1.099
-a 3.4763
;::::s
-a 1.s485
3.4048
1.a85
-a 1.7111
4.140a
l..3s4
-a X.9591
6.4681
1.417
-3 9.9995
1 4.0000
1.5608
. —-—.
_—— —.—
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TABLEx. - Continued. RESPONSES OF CYLINDER9
[The number to the left of each en=l~tes the power of ten by which each entry
as Printed Is to be multiplied. : -1 9.7420 Is actually equal to 0.97420.1
(b)Concluded. Wlnt,2 = 0.51G228
~axt,2 Mmxgpla -ted a3MW1.
w
Km.t B k~
Ftic m-d. 5 M al 40 .92
a 1.778 -3 S.6122 1.00 -2 1.14a7 -z
a 1.7110
1.5861 -8 8.1900 -a
l.::gj 3.0371 -n1.1360 4.U1601.0734 1.0a68 -1 9:;:;:
1.5650 .8490 .eaoa .7986
.90 -3 9.4894 -8 1.1944 -a 1.4488 -*
1.863S
i.7ia4 -a 1.964S8.0026 a.asao s.6313
1.07.S 1.108
;:;::s
1. 1s3 l.aoe
-3 s.6a33 .75 -3 7.555s -3 8.7897
4.S000
-3 9.6443 -z
1
1.0415 -a
:.:3:4 3.4e95
1.1037
1.5692
4.s77s S.3S40 6.8543i.a9a 1.341 1.386 1.4a6
2 3.162 -3 S.1S07 1.00 -3 6.4465 -3 0.960S’ -a 1.*396 -a x.7a3e -e a.4oa6
a 3.0414 1.Za7B 1.1481 1.0-8.97
1.567”S
1.0467 1.0144
.8873 .854!2 .aa?e .eoea ‘ .79a6
.90 -3 S.3477 -3 6.733S -3 8.1694 -3
1.8799
9.6S68 -0 1.2077S.0864 a.ne79 *.6881
l.oaa 1.112
3.Q699
1. 1s9 I.zls 1.974
-3 3.1623 .75 -3 4.a546 -3
1 5.0000
4.9160 -3
3.0909
5.430s -3 S.8634 -33.5390 6.ala94.3s09 S.493.I ;::0;7
1.S676 I.asa 1.29s 1.345 1.391
a 5.6aJ -3 1.7771 1.00 -3 3.6315 -3 S.0S18 -3 6.9964 -3
2
9.744a -a
5.4059 1:::;: 1.15S0
1.3611
1.5689
1.0976 l::;;;
.8572 1.0a98.6310 .8001
.90 -3 3.0107 -3 3.7917 -3 4.6009 -3
1.a.s93
s.43e7 -3
a.0400 6.a3e3a.308S
1.084
a.7ala 3.3asa
1.115 1. 160 1.019 1.a79
-3 1.7783 .7s -3 a.3944 -3 a.7666
1 S.sooo
-3
3.1100 ;::::e
3.0ss9 -3 3.9993 -3 3.4957
4.4061 8.5714
1.5690
~:;;;a
1.Z60 1.348 1.393
3 1.000 -4 9.9963 1.00 -3 a.044z -3 a.8450 -3
a
3.94as -3
9.6106
5.4957 -3 7.60S8
1.2364
1.S698
1.1509 l.ioas 1.0649 1.0387
.8907 .2.s.99 .6341 .8168 .8044
.90 -3 1.694a -3 Z.1339 -3 a.sa9.5 -3 3.0611 -3 3.s110
1.8947 a.0477 8.SZOS a.740i 3.3s70
1.085 1.117 1.164 l.aal 1.881
-3 1-0000 .7s -3 1.3471 -3 1.5S64 -3
1
1.719a -3
6.0000
1.8s60 -3 1.9664
3.1a09 3.s837 :::::1 5.6176 :::;:4
1.5690 1.261 1.899 1.395
3 1.778 -4 5.6aaa 1.00 -3 1.lsoa -3 1.6011 -3 a.ai96 -3
3
3.0955 -3
1.7088
4.33ai
1:5;:: l:;:;: 1.10s4 1.0687 1.0438
1.S708 .8354 .8186 .0068
.90 -4 9-5307 -3 1.200s -3 1.4S68 -s
1.8977
z.7aaa -3 1.9753
%.0521 %3::0 8.7509
1.086 1.117
3.375a
I.ana 1.a83
-4 5.6a34 .7s -4 7.s769 -4 8.7S47 -4 :.~ls:~ -3 1.0439 -3 1.1060
1 :::;:: 3.1870 3.59a9 S.6439
1.261
7.3634
t.a99 1: 3s0 1.39s 1.436
3 3.16a -4 3.1619 1.00 -4 6.4702 -4
3
9.0061 -3
3.0s.ss
t.a490 -3 1.74s4 -3 a.4394
l:g:;: 1.16a4
1.570s
1.1070 1.0700 1.0467
.8603 .8361 .8196 .aoaa
.90 -4 5.3607 -4 6.75a7 -4 a.1948 -4 9.6874 -5 1.1111
1.8994 a.os46 a.3307 a.7s70
1.o86
3.3855
1.118 1.166 z.aa3 z.ao4
-4 3.i6a3 .7s -4 4.2614 -4 4.9239 -4 5.4384 -4 S.871O -4
1
6.a199
7.0000 3.1305 3.S981 4.4s71 ;:;::e :::3:1
1.S70S 1.z6a 1-300 1.3s0
3 s.6a3 -4 1.7781 1.00 -4 3.6390 -4 5.066.2 -4 7.0a61 -4
3
9.8030 -3 i.37a7
S.4034 1.a397 l::::;
1.S706
1.1079 1.07ao 1.0483
.89a0 .836S .8001 .8090
.90 -4 3.0149 -4 3.797a -4 4.6089 -4
1.9004
s.44a4 -4
S.0SS9 8.33a9 a.7604 $:5$::
1.oe6 z.ixe 1.166 1.aa3 i.ae4
-4 1.7763 .75 -4 a.3965 -4 Z.7691 -4
1 7.5000 3.13aS
3.05e4 -4
::::;O
3.3oi7 -4 3.4979
1.5706 1.z69
4.46Z0 S.6673
1.360
;Z:;:a
1.396
.
——.—
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[The number
aE printed
to
iB
TABLE X. - Continued. RESPONSES OF CYLINDERS
the left of each entry denotes the power of ten by which each entry
to be multiplied. Example: -1 9.7420 Is actually equal to 0.97420.]
(c) QJrtit,2-1.0
~0xt,2 E- —M Wllmlrr
Emot 6 ml
PlratWdOr 6 10 23 40 an
>.16a -1 S.4670 1.00 -1 9.4fi03 -1 9.5730 -1
-1 9.6144 -2 6.31al -a 9.6090 -1 9.7767 -1 9.83914.6884
.76S7 -a.0630 3.a3a3 -a U.3045 -a 1:::~:.04e.a .03Z3 .oa30
.90 -1. 9.oa~o -1 9.a601 -i 9.44S6 -1
-1 1.::;3 -1 l::fg7 -1 9.5065 -1 9.69oal::;:l -1 2::;:9 -1 1.10s5
.110
-1 9.8346 .7s -1 8.a59a
-1 4.1>9>
6.617u
-1 3.6a75 :;
-1 8.79?4 -1
3.46SS 8.9a6a 9.131a
-1 3.06aa -1 3::;:1 -1.339 3:~::7 :; 3::gg3.334
L 5.6aS -1 4.9a1i 1.00 -1 a.99n4 -1 9.as33
1.1481 -1 9.4S41 -1-1 1.07s5 -a 7.7890 -a 9.6o47 -1 9.7157
.as4a
9.614a -a 4.0084 -a a.a798
.1071 .0777 .0S61 .0403 .oaaa
.90 -1 8.5657 -1 8.a97a
-1
-1 9.1601 -1
a:;;;l -1 a.la61 9.3619 -1 9.51aa-1 1.:;;6 -1 1.7671 -1 1::::4
.alo .17s
-1 a.?163 .75 -1 7.7191
1.1933
.s.1105
-1
-1 a.3394 -1
4.87a7 :; 4.5a9a a.s6a7 -1 a.7347-1
-1 S.1az’1
4:~;~6 -1
.4a9 .48s
4:$:;4 -1 4.2316
.400
1.000 -1 4.24s9 1.00 -t
1.4800
a.n077 a.71so -1
-1
9.0516 -1
1.780a
9.3oas -1 9.5003
.9766
:; t.3iia -a 9.sa75 -a
.176a .1s04
6.9S41 -a s.olza
.0956 .0694 .0s01
.90 -1 ;::;:: -1 a.a486 -1 a.6a64 -1
-1. -1
8.904s -1
s.alas
9.1S16
-1 a:;~;l -1 a.7494 -1 a.59s7
;340 .311 .!d68 .a54
-1 :.::;: .75 -1 6.8101 ~; 7.2ta78 -1 7.507a -1
-1 6.~~$9 7.7649 -16.3030 Z:::::
-1 7:as40
-1 6:;;;S -1 6:;;;3 -1
.56a .a47
1.77a -1 ;::;:; 1.00 -1 ;.::;: -1 7.as6s -1 a.3a79 8.8086 -1
-1 -1 a.lsla -1
::*::7
i.laoa 1.s9a5 :;:8747 .aloo 1.1754 -a.1s79 .1170 .0857
.90 -1 6.5776 -1 ;:;;:; -1 7.6791 -1
-1 S.3101 -1 -1
8.0994 -1
4:$~~6 -1 4.3736 -1 !:;;;;
.4aa .4sa .410 .396
-i 4.9016 .7s -1 5.49aa -1 6.aa7s -1 6.lala -1
6.1933 6.44S0 6.6S40-1 a.;;g9 -1 9.la5s -1
1.058S
9.$$$6 -1
.740
9:+:;0 :; 9:7::s
3.160 -1 e.3~4a 1.00 -1 6.7048 ~; 6.6181 -1 7.3693
3.1199 -1 4.194s 3.8877
a.oos4 -1 a.s176
1.a606
-1 a.534a :;
.397a .3176
1.9nll -i 1.4337
.a4aa .ia98 .14a4
.90 -1 5.0193 -1 s.647a -1 6.~855 6.7a93 -1 7.1477
-1 7.;::0 -1 7::;:3 -1 7::;;3 :; 6.9aa5 -1 6:;;;3
.606
-1 3.0151 .75 -1 3.9644 -1 4.a77s
1 1.0414 1.;;:7
-1 4.s038 -1
1:;::9
4.740a -1 4.9133
1.a64s
1.3667 I:;g;a l:;~;6
.939
5.6a3 -1 1.49ia 1.00 -1 4.ao91 S.0949
4.9a64 5.7a16 ::
-1 5.9893 6.8S86 ~;
-1
7.S643
4.7a9a -1 3:;:;; :; a.9867 8.Z997
i.37a9 .5a4a .441a .a90a .aa60
.90 -1 3.44a5 -1 3.973a -1 4.4as7 -1
1.0549 1::::1
4.9536 -t S.3S84
1::;:5 1.0647 I::g;o
.ala .817
-1 1.750a .7s -1.
1
a.590s -1
1.513s
a.aooo -1 0.9666 -1
1.7422 1.aa96
3.1110 -1. 3.aas9
~.394a
a.ol13 a.1340 a.a40e
1.0s0 t.oa4 1.109 1.133 *.151
.
——.
TABLEX. - Continued. RESPONSES OF CYUNDERS
the left of eaoh entry denotes the power of ten by which each entry
to be multiplied. _le: .-1 9.7420 iB actually equal to 0.97420.1
[The number
as printed
to
Is s’
a)
N(c) Continued. QJT’int,2=l.0
i-%
a
i 4 4e?
-1 5:Q78;
.4es7
-1 2.9107
1.:.4:1
-1 1.8078
a.aao8
I. 8s0
.36
i 6.s4s6
-1 3.4808
.3351
-1 3.s696
1.6907
i.ole
-1 1.9602
3.3884
1.aa4
I
I
1
,
B 10
i 3 S&so
-1 6:8705
.s606
i 2 794a
-1 7:3445
.6>3S
-1 a.17ao
1.;;$6
-1 1.58S1
8.2SS3
1.153
-1 5.34S6
-1 4.34o6
.409s
-1 3.96a3
l:;::O
-1 1.89S0
3.1135
1.a60
-1 8.s437
1.$::1
-1 1.708S
2.S404
1.196
-a 9.9504
1 a.0043
3.4711
-1 1.7410
-1 8.::::
-1 1.3008
1.6011
1.019
-a 9.a974
8.7a8s
1.az9
-1 a.89ex
-1 7.6954
.6SS9
-1 1.S336
1.7374
1.049
-1 ;:;::;
1.a67
-1 a.9070
-1 6.760a
.s944
-1 1.7644
1.9058
1.088
-1 1.0588
3.6960
1.307
-1 1.8774
-1 a.:;g:
-1 1.0309
a.a855
1.158
-a 6.0791
4.’s044
z. ssa
-1 3.798a
-i s.eass
.9a75
-1 i.979a
a.096a
1.la6
-1 4.6967
-1 4.9006
.4s57
1 1.77E -2 s.3a46
1 1.4208
1.s005
1.00
.90
.7s
.>
-1 a.1677
a.a967
1.160
-1 1.1067
4.8663
1.341
-i a.4ea3
-1 7.0131
.6a49
-1 :::;g;
1.ao7
-a 6.34S7
s.4a3a
1.S88
-a S.6145
1 a..sol4
1.5146
-a’3.0674
1 a.4704
1.5303
-1 1.4011
-1 8..9140
.7ss4
-a 8.9461
a.007e
1.109
-a 5.7643
3.7385
1.309
-1 3.az93
-1 6.3564
.s661
-1 1.a669
;:;:go
-a 6.ssa6
;:~;+6
1 3.16a 1.00
.90
.76
1.00
.90
.7s
-1 1-0374
-1 9.6319
.7666
-a 7.S681
1.7943
1.062
-a 5.s5a9
3.09S6
1.aS8
-a >.1607
1 3.0004
x.s39a
-8 6.0878
I.oaoo
.799a
-a 4.335a
t.9a59
1.09a
-8 3.0489
5.3587
z.ael
-a 1.74ea
1 4.3369
1.5477
-a B.Z516
-1 9.5966
.7649
-a 5.1s00
a.aola
1.146
-a 3.2804
4.1478
1.334
-a 4.76a7
1.0104
.7906
-a a.9154
a.3a8e
1.165
-a 1.8S67
4.42s4
1.348
-1 1.la63
-1 e.97al
.7s13
-a s.913a
;:;;;l
-a s.4s6a
5.1461
1.379
-a 6.5710
-1 9:::::
-a 3.S603
a.7753
1. aas
-a 1.95S0
5.S984
1.394
-a 3.77ae
1.0008
.7ase
-a 1.9004
Z.9017
1. a39
-a 1.i0a9
5.8910
1.403
-1 t.sa7i
-1 e.3ae8
.6945
-a 6.6341
3.0505
1.a55
-a 3.6046
6.417.5
1.416
-1 a.047a
-1 7.6a90
.6517
-a 7.a570
3.6836
1.304
-a 3.7193
;::::l
1 s.6a3
-2 1.7780
1 3.5001
1.5S30
-a 9.0430
-1 9.laaa
.7395
-a 3.76%1
3.3746
1.a83
-a a.037e
:.:::04-1 1.a374-i 8.8979.710a-a 4.11874.ls4a1.335-a a.loi7::~g:l-a 7.a.5i3-1 9.as9a.7470-a a.3a734.5olei.35a-a l.lash1 i.ooaaX.471a 1.000 -3 9.90491 7.6S611.5577 1.00.90.75 -s 3.45a51.0684.8185-2 :.:g~:1:109-a 1.72663.sa8e~.a95-3 9.99951 4.00001.5600 -a 1.96161.0986.8S96-n 1.3927~.f~;a-> 9.74715.63a71.30E! -a 8.71781:::::-8 1.6490.-.—------a i.047e4.594s1.357 -a B.a365-1 9.6396.7670-a a.1303;:;;;a-a 1.1493:::.ss4a 1.778 -3 5.5933a 1.35s81.S634 1.00.90.75-3 5.68331 4.50001.s6sa
—
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TABLEX. - Continued. RE9PONSES OF CYJXNDERS
[The number to the left of each entry denotes the power of ten by whloh each entry
aE printed is to be multiplied. Example: -1 9.7420 ia actually equal to 0.974,ZI.]
mco
N
N
(c) Concluded. Urint,2=l.0
ur~, 2
a 3.16a
M deals
-
-3 3.1SS8
a S.405S
1.5666
P
1.00
.90
.75
A
m
-a 0.1465
1.0947
.7976
-n I.orao
a.9781
Z. a47
-3 6.a15z
6.0699
1.400
m5-a 1.109S1.1066.S360-3 ?.8s60a.oeas1.la4
-3 5.4930
3.6941
1.306
40
-a 9.9937
-1 9.9ss5
.783a
e-o
-8 1.S410
1.059s
.014s
-3 9.3026
8.45>S
1.184
-’3 S.9041
4.6973
1.361
-a 4.17.39
-1 9.677a
.769o
-a 1.aoz4
3.7195
1.s00
-3 6.4734
7.90o0
1.446
-3 3.16a3
1 S.000o
1.5676
-s 6.6736
1 1.0S89
1.477
a 5.683 -3 1.7753
a 4.a7ao
1.5685
-3 1.7783
1 5.BOOO
1.5690
1.00
.90
.75
-s 6.0S96
1.1147
.8396
-3 4.4as6
a.lo54
I.la?
-3 3.0928
3.7S96
1.309
-3 8.70s9
1.0700
.819a
-s 5.a407
a.4a04
l.lee
-3 3.3a39
4.7s73
1.364
-3 4.9063
1.0760
.02ao
-3 a.9500
a.495a
1.190
-3 1.0703
4.7918
1.365
-3 a.764a
l::;;:
-> 1.6S98
a.504s
1.191
-3 I.osal
4.8846
1.369
-3 1.ss57
1.0813
.8Q4S
-4 9.>368
8.509s
1.19a
-4 S.9176
4.eaa5
1.366
-4 0.75as
1.08a4
.8a50
-4 s.asls
a.sla3
1.19a
-4 3.3a81
4.ea.s8
1.367
-4 4.9a31
1.0830
.assa
-4 a.9s34
a.513e
1.190
-4 1.8716
4.e3a3
1.367
-a l.aiso
1. 0-s87
.8044
-3 6. 0S90
3.oaa9
1. 8s1
-3 3.497s
6.17S5
1.410
-a 1.699a
1.0143
.79as
-a a.378a
-1 9.930a
.7819
-3 6.7670
3.7894
1.313
-s 3.6436
::~:gs
-3 3.7559
1 1.09s4
1.480”
3 %.000 -4 9.990S
a 7.s911
1.S69S
1.00
.90
.75
-3 6.ES76
1.0467
.eoea
-3 3.399a
3.04e6
1. a54
-3 1.9678
6.a36S
1.41n
-3 9.6051
t.oasa
.797e
-3 3.8087
3.8341
%.316
-a 1.>473
i.oo7e
.7e93
-3 4.lse3
:.;;:9
-3 9.1130
1 1.l13e
1.4s1
-3 1.0000
1 6.0000
~.5s9e
-3 S.0499
8.lT80a
1.4.51
3 z.77e -4 S.6S04
3 1.3493
1.5701
1.00
.90
.75
1.00
.90
.7s
1.00
.90
.79
1.00
.90
.7s
...—
-3 1.9esl
l:;:;:
-3 1.4016
U.lflos
1.130.
-4 9.7905
3.7614
1.311
-3 1.1170
1.la34
.8434
-4 7.8e43
a.1836
1.131
-4 s.S067
3.7679
1.311
-4 6.a63a
l:;;::
-4 4.4345
a.las3
1.131
-4 3.0971
3.7716
1.311
-4 3.5339
~.la47
.8440
-4 a.4939
a.la63
1.131
-4 ;:;:;:
1.311
.- 3 >.e644
1. 051S
.e104
-3 5.4173
1.0314
.800e
-s 7.607e
1.0163
.7935
-3 a.3394
4.9e4e
1.373
-3 z.zees
1 1.la56
1.48a
-3 1.91a6
3.0633
2. a55
-s 1.1069
6.0714
1.413
-3 a.148e
3.n596
1.317
-s ;:;:;:
1.4sa
-4 6.6a34
1 6.S000
1.S702
-4 3.1613
3 a.399i
1.5704
-3 a.17s6
i.053e
.el16
-3 1.07se
3.0717
1. a56
-4 6.aas9
6.z91a
1.41s
-3 3.0514
1.0S49
.802s
-3 4.a88a
1:9$*:
-3 1.3159
;:(33:9
-4 6.6E46
1 1.13a3
1.4e3
-4 6.4esa
8.3799
1.459
-4 3.z6a3
1 7.0000
1.s70s
3 s.6a3 -3 l,.717s1.0369
.eo35
-4 6.7793
3.oea4
1.319
-4 3.6473
8.4004
2.4sa
-4 1.7780
3 4.a6ss
1.5706
-3 z.aa43
1.0s53
.0183
-4 6.0S09
3.0764
1.as7
-4 S.501S
6.3oa4
1.413
-s 2.4146
1.0a39
.797a
-4 7.4007
s.ease
1.374
-4 S.7S94
1 1.136a
i.4e3
-4 ~.77e3
1 7.s000
1.S706
-5 9.9991
3 7.5e61
1.s707
4 1.000 -4 9.66331.0360
.8040
-4 3.819S
3.e871
1.319
-4 a.oszi
e.41ao
1.4s3
#
—— —.-
-4 6.E869
1.0561
.81a7
-4 3.4030
3.0790
I. a57
-4 1.9691
6.3007
1.414
-3 1.3588
i.0SS5
.79eo
-4 4.16a0
::;;:l
-4 2.114%
1 1.1383
1.483
-4 1.0000
1 e.000o
1.5707
—. —— —.—-.- _—._. .—
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TABLE X. - Continued. RE8PONSES OF CYHNDEM
to the left of each entry denotes the power of ten by which each entry
Is to be multiplied. Example: -1 9.742?3io actually equal to 0.97420.]
[The number
as printed
(d)@T&t,2 = 3.16228
o
1.00
.90
.?5
1.00
.90
.7s
1.00
.90
.7s
~
-1 9.6.S19
-8 3.aae~
.0s93
-1 9.0767
-1 a:; ;:7
-1 7.0030
-1 6:~;;6
2=3
-1 9.837s
-8 1.6390
.0164
-1 9.41s9
-1 a:; ;;a
-1 7.3asa
-1 6:;~~7
-1 9.71a4
-a a.a7e4
.oaee
-1 9.ixao
-1 3:~j;0
-1 6.69o9
-1 8::::3
-1 9.4948
-a s.ooaa
.0s00
-1 8.498f!
-1 4:::;0
-1 S. 6939
l:; ::O
-1 9.1016
-a 8.;;;:
.
-1 7.36S4
-1 7::f:9
-1 4.3eas
1.6338
I.oaa
10
-1 9.5.s8s
-a 4. S104
.045i
40
-1 9.77ao
-a 0.3030
.oa30
-1 9.a709
-1 a:;;~6
-1 7.i93a
-1 6:; ;;0
-1 9.59s3
-a 4.oa47
.0400
-1 0.9a42
-1 3.; ::s
-1. 6. S646
-1 8:; .4;7
-1 9.a979
-a 6.9440
.0693
-1 e.a5a4
-1 4:4$:5
-1 5.5830
1:~~~6
-1 8.7917
-1 x.~7ae
.1167
-1 7.0693
-1 7:~~;6
-1 4.3004
1. S8U6
1.00?
-1 7.9810
-1 1.9146
.z89a
-1 S. 3946
1:::*6
-1 a.9?61
a.318e
1.164
-1 6.7979
-1 a:g~;g
-1 3.6439
1.6634
1.030
-1 1.8904
3.4117
1.ae6
1 5.6a3 -1 3.0818
1.119Z
.8416
-1 8.eaa4
-1 8::::1
-1 6.ea O.s
-1 6.6se7
.581
-1 8.7163
1-1933
-1 5.1227
-1 Z.7909
1.>217
.9a31
-1 8.9471
-1 1.067a
.1063
-1 7.9604
-1 3:;~~6
-1 5.9817
-1 7:j::7
-1 9.aa9s
-a 7.7s99
.0774
-1 8.3s71
-1 3::; ;4
-1 6.ao97
-1 e.j; ;3
1.000
.
-1 7.3711
3.0103
-1 7.8s40
-1 2.3641
1.6817
1.0343
-1 8.a805
-1 1.7605
-1743
-1 7.0624
-1 s:q;:7
-1 5.0776
1:::*7
-1 8.6778
-1 1.3045
.la97
-1 7.5s84
-1 4.9s19
.458
-1 5.s7s3
1.:3:s
-1 9.031s
-a 9. S608
.0953
-1 7.9349
-1 4::::4
-1 s.44ao
1::::7
1.778
-1 4.9016
6.1933
1.0s85
-1 1.8297
2.3ale
1.164t
3.16a -1 8.357S
-1 1.:;;;
-1 6.7019
-1 7:; ;:9
-1 4.1939
1::; ;4
-1 7.3ae5
-1 a.s~84
.a467
-1 5.051s
i:::g5
-1 a.90ez
9.leao
1.141
1.00
.90
.75
-1 7.1a64
-1 2.7739
.a706
-1 5.7497
-1 7::; ;3
-1 3.9a07
l:; ;:l
-1 7.8036
-1 a.1143
.aoe4
-1 3.0151
1 1.0414
1.’2645
-1 1.ae4a
3.46oa
1.ae95
5.623
:
-1 8.5036
-1 2.431%
.24ai
-i S.675O
%:; ::l
-1 3.oa80
;:::; l
-1 7.6461
-i a:;;;f
-1 3.8611
1.7368
i.04e
-1 1.9198
3.67a7
1.306
-1 S.6891
-1 4.1013
.3e9a
-1 6.5S37
-1 3.a4aa
.3141
-1 4.649S
1:::55
-1 a.eae7
n.0a39
~.lla
1.00
.90
.7s
1.00
.90
.75
-1 4.ao18
1::::0
-1 a.73a9
1.8536
1.076
-1 1.7s08
1 1.s136
1.394B
-a 8.2968
5.4846
1.3904
-1 4.18s9
-1 S.611S
.5114
-1 2.7771
1.; ::4
-1 1.7S08
a.4867
1.188
-1 5.0307
-1 4.6S08
.438s
s. 943a
:; 3.7630
.3599
-1 3. 39a0
;:; ;;8
-1 1.8s16
3.1186
1.a61
1 1.000
-1 z.eo6a
a.ao36
l.aae
-a 9.9504
1 a.0043
1.4711
\
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TABLEX. - Continued. RESPONSES OF CYLINDERS
the left of each entry denoteB the power of ten by which each entry
to be multiplied. Example:
-1 9.7420 Is actually equal to 0.97.420.]
[The number
aE printed
to
Is
(d)Continued. (L)~int,p=5.16228
~rest,2
1 1.778
EC-&ma
nxA4t
h-ata-dlr
-s 5.0610
9.0845
1.4612
06wl- 10
1.00
.90
.7s
k
20
-1 4.3855
-1 s.:;::
-1 S.0963
a.i705
1. 1s9
-1 1.1156
4.a919
1.34a
-1 2.7>67
-1 7.0768
.6159
-1 1.7098
1.7400
1.049
-1 1.0603
3.1776
1.a66
-1 3.$111
-i 6:;;~;
-1 1.91a9
1.9s00
1.097
-1 1.0908
3.7149
1.s0s
-1 a.ass> -1 a.3a16
a.3908 a.597a
1.175 ~.aos
-1 1, 1S68 -1 1.1588
4.8746 S.4331
1.>68 1.389
-a S.614S
1 a.5o14
1.5146
-1 3.7713 -1 4.67SS
-1 5.7683 -1 4::~;~
.5a3a
-1 ~.3a74 -1 1.4008
3.a04s 5.6473
1.860 1.303
-a 6.6a96 -a 6.7156
6.5835 ::::;7
1.490
-s a.9806
1 1.5486
1.S063
1.00
.90
.75
-1 2.7oal
-1 8.2948
.69a5
-1 1.0098
a.0490
1.117
-a 6.ala9
5.8199
1.31s
-i a.a6aa
-i 7.4937
.6431
-1 1.ia94
a.5ea4
1.174
-s 6->799
4.6a47
1.>58
8.96sa
:; 6.6508
.6869
-1 1.2366
Z.777S
I. aa8
-a 6.5144
5.5575
1.393
-a 3.1607
1 3.0004
1.5398
1 S.6S> -a 1.7a0S
1 !d.6870
1.5336
-0 1.7700
t 3.5001
1.ss>0
1.00
.90
.7s
-1 ;.::;+
-1
:74a9
-a S.13306
a.a.9t7
1.158
-a 3.574a
4.ss40
1.344
-1 1.3787
-1 8.SS18
.7075
-a 6.S159
a.74ao
I.aal
-a 3.6689
5.4011
1.308
-1 1.8564
-1 ?.;~;:
-1 a.4631 -1 3.noa5
-1 7.ln6a -1 6.3078
.6191 .56a7
-a 7.6369 -n 8.04773.98a3 ::::;3
l.sas
-a 3.e0a5 -; 3.8494
8.ae8e 1.0069
1.451 1.478
-2 7.1S51
3.3086
I. a77
-2 3.7s95
6.7a04
1.4a3
a 1.000 1.00
.90
.75
1.00
.90
.75
-a s.89a8
-1 9.77a6
.7739
-8 8.1191
-1 9.a893
.7486
-1 1.113s
-1 8.7eao
.7s06
-a 4.0579
;:;::O
-a a.la69
7.64ao
1.441
-1 1.s149 2.0358
-1 8.a134 :$ 7.s606
.6876 .6474
-a 4.s448 -n 4.s7s7
4.6197 ::;$;3
1.359
-a 3.3a63
a.439a
z.iea
-a 2.0S55
4.6983
1.361
-8 3.7147
a.9941
1.a49
-8 0.086S
S.9796
1.405
-3 9.99 5
1 34.00 0
1.5608
-3 S.5649
1 8.3115
1.s508
-8 a.~617 -a a.xa7s
9.743a 1 1.a307
1.469 1.490
a z.77e -a 3.3754
l.else
.798s
-a 1.e8s4
a.s3e4
1.196
-a 4.6e6a
-1 9.76ae
.7734
-a 8.9700 1.a303
-1 e.9843 :: 8.s114
.7319 .705Z
-a 8.45.91 -z a.s860
5.0797 6.4891
1.376 1.4xe
-a a.a97s
3.9871
1.3S5
-a 1.ao36
e.a903
1.451
-a 1.15n7
4.9349
1.371
-s S.6833
i 4.5000
1.565a
-a a.6743
1.0051
.7879
-a 1.1ee3
3.%s95
1.Z73
-3 6.6659
:::;;3
-a S.1940 -s
-1
7.a.0979.$:$: -1 9.1S90
.7415
-a 1.3e69 -a 1.4se4
s.seaa ;:0::6
x.3e7
-3 6.900a -3 6.9e04i ;:;::5 1 ;:;::7
a 3.168 -s 3.14s7
8 1.471s
1.S640
1.00
.90
.7s
-a 1.9179
1.0356
.eoa9
-Q 1.0649
a.59el
~.ao>
-3 6.S0?8
~.;;;e
-a 3.7a96
-1 9.77a3
.7739
-a 1.2968
4.1611
1.335
-3 6.79ao
::l:~o
-3 s.16as
1 S.000o
1.s676
.
..—-.— —— ...—
_—.—— . . . .- ,
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T~LEX.- Continued. RESPONSES OF CYLINDERS
[The number to the left of each en=~otea the power of ten bywhlch each entry
aE printed 18 to be multiplied. : -1 9.7420 is actually equal to 0.97420.1
(d)Concluded. ‘Tint,,2 = 3.16228
-t@ qlln6Qr
1 iB
1.00
m
a 840
:::40s
.8090
10
-a 1.s162’
I.oasl
.796>
-s 6.6974
3.3193
1.278
-3 3.7563
6.7S04
1.424
.90 -3 6.0031
a.6329
1.208
-3 3.6677
;.;::s
-s ;::;$; -3 0.2144
::;3;s
1.393
-3 s.e075 -3 3.93a4
1 ;::::l 1 i.6176
1.509
-3 1.7763
1 5.5000
1.S690
.75
I 1.000
I
-3 6.1305
1.0S5S
.81S4
-3 3.3e05
2.6S30
1.810
-s 2.0651
5.215a
1.301
-3 13.%666
1.0310
.8011
-3 3.7711
3.3s39
1.a81
-a 1.2011
1.0>34
.7920
-3 4.1138
4.3a7s
1.344
-3 2.1544
9.1157
i.46z
-a 1.6a54 -a S.3645
-i 9.9730 -1 9.elsi
.7840 .?761
-3 4.s981 -Y 4.6934
5.6800 :::5;4
1.s97
-; B.18.2S -3 0.s136
i.sna4 1 1.6677
1.490 l.sit
-4 9.9615
2 4.6341
1.568-6
-3 1.0000
1 6.0000
1.S698
1.00
.90
.7s -Y a.114e6.8436
1.4U6
.
-3 9.sa74 -a 1.3395
1.0078 -i 9.9.595
.7893 .7834
-3 n.4746 -3 2.6011
5.7444 ;:~~;6
1.399
-3 1.2314 -3 1.a4ss
1 1.s444 1 1.6973
1.49i a.sla
I 1.77.9 -4 5.6175
a 8.a339
1.5696
1.00
.90
.7s
-3 3.4481
1.0S97
.0144
-3 1.9024
2.6644
1.a12
-3 1.1621
;:;::5
-3 4.aa9e
1.0374
.8038
-3 6.7794
I.oaio
.?95e
-3 a.314a
4.36a8
1.346
-3 1.ala3
;:::59
-3 S.1821
3.3737
1.*ES
-3 1.1900
6.0926
1.4a7
-4 5.6234
1 6.5000
1.5702
-4 S.1604
3 1.4636
1-5701
1.00
.90
.75
-3 1.9410
l:::gg
-3 1.0703
a.6709
1.213
-4 6.S374
5.23596
1.363
-3 2.?200
1.0406
.805s
-3 1.193’9
3.3850
1.aa4
-3 >.eaos
1.0sss
.7979
-s 1.30a2
4.30a9
1.347
-4 6..S194
9.a5ae
1.463
-s 5.3734 -3 :::;:$
I.oi>e
.79a3 .787s
-3 1.3980 -3 1.4631
5.7013 7.739>
1.400 1.44a
-4 6.9!268 -4 7.0063
t 1.2s3s 1 1.714s
1.491 1.s%3
-4 3.1623
1 7.0000
1.5705
-4 6.6944
6.9204
x.4a7
i.ooI 5.623 -4 1.7777
3 2.601e
1.5704
-Y 1.092a
1.063S
.8161
-4 :.:;:j
l:a13
-4 3.6770
5.2607
1.38s
-3 1.s300
1.04a4
.806LI
-4 6.7148
5.3913
i.ze4
-4 3.7653
6.9362
i.4a8
-Y 2.1s08
1.0s78
.7991
-4 :::;::
1.347
-3 3.oa67 -3 4.a63S
1.0179 l:$:;$
.7939
-4 7.8a91 -4 e.aa90
5.808a 7.778s
1.400 i.443
-4 3.e9s9 -4 3.94o6
1 ;::::6 1 ;:~;:3
.90
.7s-4 1.7783
1 7.S000
1.5706
-4 s.e356
9.QQII
1.464
-s 1.7036 -> a.4o07
i:;;:; 1.0117
.791U
-4 4.4031 -4 4.6a00
5.8141 7.800?
1.401 i.443
-4 a.z9il -4 a.az6a
1 1.a617 1 ;:;;;6
z.49a
1.000 -5 9.9902
3 4.6365
1.S706
1.00
.90
-4 6.1438
I.Lll::
-4 3.s.9s9
3.6766
1.213
-4 ;.;:::
1:38S
-4 5..6127
1.0434
.ao66
-4 >.7766
>.3949
1.s84
.4 2.1177
6.9451
1.4*8
.75-4 1.0000
1 6.0000
1.5707
1.770 1.00 -4 6.00841.0300
.8002
-4 2.3165
4.4044
1.348
-4 1.2131
9.3061
1.464
-4 9.58.51 -3 1.3510
l.oaoa 1.0132
.7954 .7980
-4 2.4761 -4 8.6036
s.aaoe ;:~~;a
1.4oi
-4 3.4sss
1.0645
.8166
-4 1.9041
a.6777
1.21s
-4 1.1630
;.;::7
-4 4.8444
1.0440
.8069
-4 a.123.9
3.3969
t.aes
-4 1.1909
6.9501
1.4a8
-s 5.6228
3 e.zase
1.5707
.90
.7s-s S.6234
1 6.5000
1.S707
-4 x.a3aa -4 1.0463
1 ;:::;4 1 ;:::;O
NACATN 3514 109
TABLEX. - Continued. RESPONSES OF CYLINDERS
[Thenumberto theleftof eachenz;mtes the poweroftenWwhicheachentry
asprtntedistobemultiplied. : -19.7420laactuallyequalto0.97420.3
(e)uqnt,2-lo.
3ure*,2
1.000
a~-Oyllmlar,
-FmAair
-1 1.7696
1.1989
.B756
P
..00
L4mlrmtdWllmlar I
*
-1 9.677.9
-a I3.aa6a
.0s23
-1 8.0103
-1 4::j:l
-1 4.8187
l.:cl;a T-1 9.7699 -1 9.836a-a a.3oa5 -a l::;::oa30-1 8.a416 -1 a.4a04-1 4:j:~l -1 4::::8-1 4.’2S09 -1 4.a41a1::;;3 1:~~~8-1 9.3766-a 6:;~;;-1 7.s75a-1 4.7603.444-1 4.18971:;~~6 -1 9.SS05-a 4.;5;:-1 7.7218-1 4.7784.446.90-1 7.37113.0105-1 7.8s40
-1 1.9953
1.4140
.9ssa
.7s
-1 9.s947 -1
-a
9.7106
4.oaa9 -a a.077e
.040a .Oaee
-1 7.6S09 -1 7.0S10
-1 6:;~;8 -1 6:;~;5
-1 5.7951 -1 3.8084
1.;;;0 1:;$:3
-1 9. S980 -1 9.4917
-a 6.939a -’d 5.0064
.069> .0s00
-1 6. 6?16 -1 6.666a
-1 8.:::6 -1 8::;:6
-1 3.1745 -1 3.1784
1.684a 1.7336
1.035 1.040
1.?70 -1 9.S163
-z 7.7459
.077s
-1 7.1097
-1 6:~~~4
-1 3.7770
l::;:a
.-00
.90
-1 8.9aaa
-1 1.063S
.1059
-1 6.7S07
-1 S:~$~8
-1 3.767a
I::::a
-1 0.1836
-1 l:;:;:
-1 5.7810
-1 7:::;0
-1 3.1617
1::;:7
-1 4.9016
6.193S
1.0.58s
-1 1.3458
1.7963
1.06ae
.7s
>.16a L.00
.90
.75
-1 8.6S71
-1 1.3009
.ia94
-1 9.oaos
-a 9.s473
.09sa
-1 6.4a65
-1 8:~;;3
-1. 3.1703
1.6a36
1.019
-1 6.la84
-1 8:;;~1
-1 S.o.lsl
1 1.0414
1.a645
-1 1.034S
a.4763
1.1870
-1 3.1658
1:;::3
s.6as 1.00 T-1 e.78a4 :;9.1166-1 1.1715 8.57181166 .Oes:-1 5.2S87 -1 s.4a56l:g::l 1:;::5-1 a.4a43 -x a.4a52a.aess a.36s:1.1s8 1.171-1 7.07s4-1 a.?sl?.a685 7.7744:; a.10s3.ao7s-1 4.79s11:;:;4-1 a.4a3aa.077al.laa -1 8.3406-1 1.58aa.1569-1 .S.04861.;;;8-1 a.4a35a.1886I. 14a.90.75 -1 4.5oa6l::cl:l-1 1.7B081 1.513s1.3948 -1 a.4a371.9ss41.098
-1 6.51aa
-1 3.aa75
.>xaa
-1 3.364S
;::;:O
-1 1.68s.9
a.903e
~.a39
-1 7.30S9
-1 a.;~~;
-1 3.5.439
1.7a04
1.044
-i 1.684a
3.1006
Z. a59
-1 7.9674 8.4959
-1 1.9110 :; x.4a97
.1088 .i4ao
-1 3.69a4 -1 3.6103
1.8190 1.8995
1.060 1.0n6
-1 1.683a -1 :.::gg
5.a768
~.a75 1:287
L 1.000 1.00
.90
.75-a 9.9S04
% a.0043
1.4711
-a 4.6663
8.8357
1.4011
-i 1.6885
a.6958
l.als
L 1.77.9 1.00 4.080s
:; 5.sa54
.504B
-1 a.oa80
1.9461
1.096
-1 1.0861
3.734a
1.309
-1 4.9955
-1 4.609a
.4s19
-1 a.1564
a.x9.91
1.144
-1 ~:;:;:
l.ssa
-1 5.9178
-1 3.7439
.3588
-1 a.a664
a.44s7
1.195
-1 1.0813
4.4e15
1. 3s1
6.7809 -1 ::::;;
:; a.96a9
.aeeo
-1
.sasl
-1 a.3566 -1 a.4a7.9
2.6757 a.87.9s
1.a13 1.S36
-1 1.0800 -1 1.0791
4.aa96 9.1376
1.367 1.379
.90
-a 5.614S
1 a.so14
1.5146
.75
.
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TABLEx. - Continued. RE9PONSES OF CYLINDERS
[The number to the left of each enZeB the power of ten by which each entry
aa printed 1s to be multiplied. : -1 9.7420 is actually equal to 0.97420.]
(e)Continued.(i)Tnt,2=10.
@%xt,2 _ I,mllmw q-
2s% P W%6 10 m 40 84
1 3.16a -a e.8430 1.00 -1 a 7053 i 3 4a949.6S95 ‘1 4.~62Ll-1-1 6:94113-1 5.2930 -16:0707 -1 6.ao755.1752 -1 4.2911 -11.4676 .6068 .5456 3.460>.4776 .4063 .3331
.90 -1 1.aa90 -3. 1.3030 -1 1.3650 -1 1.4168 -1
a.4220 2.6507 3.3091 1.45673.7758 ;::;:31.179 1.233 1.277 1.312
-8 >..1607 -75 -a1 6.610a -2 6.5e92 -a 6..S740-a 6.56>2 -9 6.5b613,0004 5.0217 5.684Z 6.>822 ;.~;~6
l.s J9a 1.374
7.7a44
1.397 1.415 i.44a
1 5.6S3 -a 1.67S5 1.00 -1 1.6806 2.8424
1 1.6459 a.llo9 ::
-1 a. 9376 -1
-1
3.7563
7.3879 4.6634-1 6.~;;; -i
1.s101
5.7373 :;
.6816 .6363 4.0564.5U09 .49ai
.90 -z 7.aoo9 -2 7.6169 -e 7.9665 -a 8.2407 -a ::: j::2.8379 3.4624 4.1888 4.9970
1.832 1.a90 1. 337 1.373 i.4oa
-8 1.7780 .75 -a
1
3.8891 -a
3-s001
3.8754 -2 3.865> -2 3.0601 -a 3.8632
6.3940 7.469> 0.6816 ;.:; :7 1
1.S630
1.1269
1.416 1.438 1.456 1.4.9a
a I.000 -3 :.:::; 1.00 1-0011 1.3663
1 :: 8.9594 ::
1.0447 -1 a.4sa8 -1 3.19310.4147 :: 7.792* -1 7.;;:: -1 6.a817
1:SS58 .7306 .699S .6619 .S609
.90 -a 4.1416 -a 4.5739 -a
3.1516
4. S602 -0
:.; ;;5
4.704a -a 4.8449
4.9537 6.1537 ;.:; ;7
1.a64 I. 37a 1.410
-3 9.9995 .75 -2 a.a435 -a 2.a3sa -a a.aa90 -u
1
2.a245 -a a.aais
4.0000 7.64o6
l.s 608
9.1949 1 1.1066 1 1.3a~9 1
1.441 1.463 1. S5661.4.91 1.495 1.s07
2 1.778 -3 5.5i86 1.00 -a 5.8172 -z 8.04S5
1 5.0054
1.1064 -1 1.5081 -1 a.oa9s
-1 9.;::; -1 9:;;;:
1.s500
:: 8::.s:; -1 8.1510 -1 7.5a33
.6839 .6450
.90 -2 ;.;;:: -a a.4a80 -a 2. S962 -a 2.6838 -a a. 74974.3070 5. SSZ3 ::~;:? Mago1:882 1.34s , 1. 39a
-3 5.6a3s .75 -a
1
1.a799 -a 1. Z7S0 -2 I. a713 -:
4.5000 0.6186 1
1.2687 -a
1.06as 1
1.a669
;-:; :9 1.6310 1 1.9996
1.56sa 1.45s 1.477 1.510 1.s21
a 3.16a -3 3.1a90 1.00 -a 3.33al -a
1
4.6437 -a 6.4543
8.0’291 -1
8.9291 -1 1.aa649:;::; -1 9.$8S1
1.ss9s
-1. 9.2755 :: a. 9096 -1
.7642 .7478
0.4641
.7378 .70a4
.90 -a 1.33s3 -a 1.40S0 -a 1.4684 -a 1.516a -2 1.5540
>.4995 4.SS60 s.9a57
1.292
~.~j:9 1
1.3S4 1.01591.404 1.47>
-3 3.1623 -75 -3
1
7.ass4 -5
5.0000
7.2272 ->
9.5014
7.z062 -3 7.1911 -3 7.1006i 1.1665 1. 1.4793 1 1.8038 1 a. 3906
1.5676 1.464 1.485 1.50> 1.510 1.5a9
a s.6a5 -3 1.7677 1.00 -a 1.8934 -a a.6s00
a 1.5629
-a 3.70S6 -a
l:;::: -1 9.0627
5.1703 7.1S6S
1.5644
-1 9.6471 -1 9.4017 :: 9:+;:;
.77.95 .7674 .7S.46
.90 -> 7.s379 -3 7.9457 -3 8.2044 -3
J.seoa
8. SS4.9 -3 8.7631
4.6767 6.1740 e.ao93 i
~.a9e
1.0940
1.360 1.410 1.450 1.480
-3 1.77e3 .75 -3 4.0986 -3 4.082s -3 4.0706 -3 4.0619 -3
1 5.s000 9.740a
4.0s59
1 ;::::s 1 1.s904 1 a. 0660 1
1.S690 1.46e
~:;;:7
~.soe 1.s23
.
TABLEX. - Conaluded.RESPONSE9OF CYLINDER9
.
NJ
U3
IN
IN
[Thenumbertotheleftof eachen=l~otes thepowerof tenby whicheachentry
as prtntedis tobe multiplied. : -1 9.7420Is actuallyequalto 0.97420.]
(e)Concluded.(O~int,2=10.
~%.t,2 .emC&l18y I,Wlnatad.aglllulli-
Er.mt B @l
5 10 22 46 Em
s 1.000 -4 9.9666 1.00 -a 1.0709 -8 1.8085 28
8.1083 -a
S.77S0 l::;:;
a.955.9 -a
1.00a6 :1
4.1365
1.567LI
9.8695 -1
.7867
9.7031 -1 9..5007
.’77.98 .7705 .760a
.90 -3 4.Z480 -3 4.4770
3.6976
-3 4.6670 -3
4.7600 6.3235
4.8187 -3 4.93s4
1.3oa
8.4811
1.S64 1.414
1 1.1436
1.453
-3
1.484
1.0000 .?5 -3 a.3i07 -3
1
a.3o16 -3 a.a94e -3 a.a899 -3 Z.2865
6.0000 1 1.0007
1.S690
1 1.8780 1
1.472.
1.6610 1 u.les7
1.493
1 z.0948
1.511 1.526 1.636
3 1.778 -4 s.61ae 2.00 -3 6.04n2 -3 .9.4e80
z 4.9aa.3
-a
1.0a61 i.oiao
1.1934 1.6777 a.3569
-1
1.S688
9.9.99a :: 9.8812 :;
.7983 .7914
9.7.5a3
.7’9s4 .7794 .77a9
.90 -3 b?:?::: -> a.sao4 -3 a.6a7i -3
4.8082
a.7~aa -3 2.7778
1.304
6.4110
1.>66
8.6424 1. ;.~~;6
1.416 1.456
-4 5.6a34 .75 -3 1.>013 -> 1.a961 -3
1 6.5000
1.a9a3 -:
1 ;.:;;6
1.a69s -3
1 1.3034
1.a876
i.s70a
1 1.7037
1.494
a.a596
1.512
1 3.024e
L.sa? 1.s30
3 3.16a -4 3.1589 1.00 -3
a
S.4040 -3 4.7860 -3
e.7460 1.0300
6.7357 q
1.0174
9.4e3e -a 1.335a
1.S697
1.0074
.8000
9.9843 -1
.7940
9.8949
.7892. .7646 .7801
.90 -3 1.34s9 -3 1.4iea
3.6704
-> 1.4702 -s
4.83se
1.5a60 -3 1.s62e
6.4613
1.305
13:3:;9 1 1.x91a
1.367 1.417 1.467
-4 3.16a3 .7s -4
1
7.3s33 -4
7.0000
7-2943 -4 7.a72e -4
1 ~:~;;6
7. as71 -4
l.slea
7.a463
1.5708
2. 1 1.7aee 1 2.3039 1
1.49s
3.10>6
1.513 1.sa7 1.ss9
3 s.6a3 -4 1.777a 1.00 -> 1.9160 -3 a.69s3
3 1.SS46
-3
1.03aa
3.7956 -s
1.oao5
s.34e8 -3 7.S396
~.s70a .eo13
1.0116 1::::: -1
.79ss
9.9769
.79ta .7e4a
.90 -4 7.s?14 -4 7.9779
3.679a
-4 e.31so -4 8.se3e -4 e.7907
4.8S15 ::f;:o :::::4 1
1.305 1.368
::::;3
-4 1.7783 .75 -4 4.laol -4 4.1038 -4
1
4.092.6 -4
7.s000 1 x.030e
4.06a8 -4
1 1.3S66
4.0767
1.S706 1.474
1 1.74>a 1 2.3a89
1.496
1
1.s13 l.sae 3.14961.539
4 1.000 -6 9.9966 1.00 -3 1.078a ->
3 a.7635
1.5170 -3 a.1369 -3
1.:3:: 1.;:::
3.02a8 -3 4.2497
1.5704
1.0140 1.0077
.7923
1.ooa4
.789a .7866
.90 -4 4.a5a6 -4 4.487a -4 4.6767 -4 4.ea7e -4 4.9441
3.6841 4.8603
1.306
6.S06a
1.36B
8.8197 1 1.ao72
1.4.tO 1.458 1.486
-4 1.0000 .75 -4 a.3175 -4 a.3oe3
1 e.000o
-4 2.301S -4
1
a.a965 -4
;:::;7
x.a9s1
1.5707
1 ;::;:4 1 ;::;:4 1 :::;:5 1 3.1763
1.s39
4 1.~7e -5 s.6az3 1.00 -4 6.065a -4 e.s345 -3 ~.aoa5 -3 1.69S0 -=3 2.3930
3 4.9137
1.5706
1.034a 1.;::; 1.01S3
.80aa
1.0096 1..oo5o
.7930 .790a .7879
.90 -4 a.395~ -4 a.5836 -4
3.6069
a.630a -4 a.71s1 -4 a.7e05
4.86S3 6.S1S4 e.8s70 1 ~::::4
1.306 1.368 1.419 1.4S8
-s s.6a34 .75 -4 1.3034 -4
1
~.29e3 -4
e.sooo 1
t.a944 -4
1.0394
1.2916 -4
1 1.3341 1
1.ae97
;.:::1 z a.s51e 1 3.1914
1.s707 1.474 1.496 l.sae 1.s40
4 3.16a -s >.1619 1.00 -4
3
>.4113 -4
ea736e
4.eoOs -4 6.7645 -4
1.0346
9.541a -3 1.3466’
1.5707
1.02>7 1.0161
.80a4
1.0106 1.0065
.7971 .7934 .7907 .7866
.90 -4 1.3469 -4 1.419a
3.68es
-4 1.4791 -4
4.e6ea
1.sa69 -4
6.5205
2..5637
1.306 1.36e
e.e467
1.419
1 I.alaa
1.4se 1.4e9
-5 3.%6a3 .78 -5 7.3301 -s 7.3011
i
-s 7.a79a -s
9.0000 1 ;.:;:3
7.a6>7 -s
1 :.:;;7
7.2S39
~.570e
1 1.7587 1 a.3s64
1.514
1 :.;::9
l.sae
-. . —. .—— A.— ——
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TABLE XI. - THERHAL RE6PONSM OF CYLINDERS 933SINUSOIDAL ENVIRONMENT TmfPERAT17REOHANQE
(a) Peremeter valuea for varieus oembinati.ne of oylinder, end oenditionn at p .0.90
L10 0.1100 .1100100 1::1000 1.0lQOO 1.0 0.047468.W47458.0047458.0130375.001s0375.oolm75
ulra
5,4027
1.9101
5.4027
17.0848
6.0404
17.0842
alrb
6.0030
2.1224
6.0050
16.9832
8.7116
18.9832
‘%s’8
0.854244
.864244
.864244
2.70135
2.70135
2.70135
%%
0.94916
.94916
.94916
3.0015
3,0015
3.0015
(b Relative
[?
litude 11 (m? tr~an relative amplitude ~) and relative phue lag q
or mean rela iVe phaee lag P), I?8.diWIB
: ‘-t ~int, 2 ::~ms Homogenecm Metallio ~hell over orlde oare
1
metallio
oylinder: oylinder: Shell thiclmem Gzlde surfaoe
exaot aolutien ‘flrat-urdern 0.1 r~ value - equivalent
solution (!3 - 0.90) to limltimg oaee
of zero Bhell
thiOkueBB
(ra - %, P = UnltY)
i72 62
‘2 %
ii2 52 nh,l %,1
40 10 0.1 0.096405 1.4718 0.099s34 1.4711 0.K1317 g.95513 0.25604
a.20324
0.656S9
.95468
5 lcm 0.1 0,0399883 1.5608 0.0399995 1.6808 0.011381 1.2366 0.o12147 1.1057
a.011384 al.2370
40 1(Q 0.1 o.~99883 1.5~f3 0.W99995 1.3600 pwfl: a;:;:’ 0.031153 0.82871
40 100 1.0 0.CQ99049 1.5577 o.cf1999951.5608 0.0376S0 1,2826 0.090430 0.739s3
a,037681 al.2827
5 100J 1.0 0.GQ099905 1,6695 O.oolcmo 1,5698 0.~24910 1.1291 0.IX1352640.8416S
a.m249u al.1290
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(g)GroupG. 13= 0.75; kfil = 10.
Figure9. - Continued.Relativemean phaseshift (lag)of cylindricalshelloveroxidecore.
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